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Dedicated to the memory of our friend and colleague Krzysztof Wysocki
Abstract. Kontsevich’s formality theorem states that there exists an L∞ quasi-isomorphism from the dgla
T •poly(M) of polyvector fields on a smooth manifold M to the dgla D•poly(M) of polydifferential operators
onM , which extends the classical Hochschild–Kostant–Rosenberg map. In this paper, we extend Kontsevich’s
formality theorem to Lie pairs, a framework which includes a range of diverse geometric contexts such as com-
plex manifolds, foliations, and g-manifolds (that is, manifolds endowed with an action of a Lie algebra g). The
spaces tot
(
Γ(Λ•A∨) ⊗R T •poly
)
and tot
(
Γ(Λ•A∨) ⊗R D•poly
)
associated with a Lie pair (L,A) each carry
an L∞ algebra structure canonical up to L∞ isomorphism. These two spaces serve as replacements for the
spaces of polyvector fields and polydifferential operators, respectively. Their corresponding cohomology groups
H•CE(A, T •poly) and H•CE(A,D•poly) admit canonical Gerstenhaber algebra structures. We establish the follow-
ing formality theorem for Lie pairs: there exists an L∞ quasi-isomorphism from tot
(
Γ(Λ•A∨) ⊗R T •poly
)
to tot
(
Γ(Λ•A∨)⊗R D•poly
)
whose first Taylor coefficient is equal to hkr ◦(td∇L/A)
1
2 . Here (td∇L/A)
1
2 acts on
tot
(
Γ(Λ•A∨)⊗RT •poly
)
by contraction. Furthermore, we prove a Kontsevich–Duflo type theorem for Lie pairs:
the Hochschild–Kostant–Rosenberg map twisted by the square root of the Todd class of the Lie pair (L,A) is an
isomorphism of Gerstenhaber algebras from H•CE(A, T •poly) to H•CE(A,D•poly). As applications, we establish
formality theorems and Kontsevich–Duflo type theorems for complex manifolds, foliations, and g-manifolds. In
the case of complex manifolds, we recover the Kontsevich–Duflo theorem of complex geometry.
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Introduction
In the late 1990’s, Kontsevich revolutionized the field of deformation quantization with his formality theorem:
there exists an L∞ quasi-isomorphism from the dgla T •poly(M) of polyvector fields on a smooth manifold
M to the dgla D•poly(M) of polydifferential operators on M extending the classical Hochschild–Kostant–
Rosenberg map. Indeed, the formality theorem implies the existence of deformation quantizations for every
smooth Poisson manifold [36, 68, 19, 15]. In his paper [36], Kontsevich gave an explicit formula for the
formality quasi-isomorphism in the case M = Rd and then outlined how the result can be generalized to
arbitrary smooth manifolds. Later, Dolgushev gave a detailed proof of the globalization to arbitrary smooth
manifolds of Kontsevich’s formality quasi-isomorphism for Rd [19] based on Fedosov’s patching technique
[26, 25]. See also [15] for another proof.
In this paper, we extend Kontsevich’s formality theorem to Lie pairs, a framework which includes a wide
range of diverse geometric contexts including complex manifolds, foliations, and g-manifolds. By a Lie pair
(L,A), we mean an inclusion A ↪→ L of Lie k-algebroids over a smooth manifold M . (Throughout the
paper, we use the symbol k to denote either of the fields R and C.) Recall that a Lie k-algebroid is a k-vector
bundle L → M , whose space of sections is endowed with a Lie bracket [−,−], together with a bundle map
ρ : L → TM ⊗R k called anchor such that ρ : Γ(L) → X(M) ⊗ k is a morphism of Lie algebras and
[X, fY ] = f [X,Y ] +
(
ρ(X)f
)
Y for all X,Y ∈ Γ(L) and f ∈ C∞(M,k). A k-vector bundle L → M
is a Lie algebroid if and only if Γ(L) is a Lie–Rinehart algebra [60] over the commutative ring C∞(M,k).
Lie pairs arise naturally in a number of subdisciplines of mathematics such as complex geometry, foliation
theory, and Lie theory. A complex manifold X determines a Lie pair (over C): L = TX ⊗ C and A = T 0,1X .
A foliation on a smooth manifold M determines a Lie pair (over R): L = TM and A is the integrable
distribution onM tangent to the foliation. A manifold equipped with an action of a Lie algebra g gives rise
to a Lie pair in a natural way (see [51, Example 5.5] and [42, 41]).
Given a Lie pair (L,A), the quotient L/A is naturally an A-module. When L is the tangent bundle to a
manifoldM and A is an integrable distribution onM , the A-action on L/A is given by the Bott connection
[7]. The spaces tot
(
Γ(Λ•A∨) ⊗R T •poly
)
and tot
(
Γ(Λ•A∨) ⊗R D•poly
)
associated with a Lie pair (L,A)
serve as replacements for the spaces of polyvector fields and polydifferential operators respectively. Each one
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of them carries an L∞ algebra structure canonical up to L∞ isomorphism and their respective cohomology
groups H•CE(A, T •poly) and H•CE(A,D•poly) admit canonical Gerstenhaber algebra structures [3].
Denoting the algebra of smooth functions on the manifoldM byR, we set T kpoly = Γ(Λk+1(L/A)) for k > 0,
T −1poly = R, and T •poly =
⊕∞
k=−1 T kpoly. The Bott A-connection on L/Amakes every T kpoly an A-module. We
can thus consider the complex of A-modules with trivial differential
0 T −1poly T 0poly T 1poly T 2poly · · · .0 0 0 0
Its Chevalley–Eilenberg hypercohomology cochain complex is denoted
(
tot(Γ(Λ•A∨) ⊗R T •poly), dBottA
)
.
Similarly, we set D•poly =
⊕∞
k=−1Dkpoly, where D−1poly = R, D0poly = U(L)U(L)Γ(A) , and Dkpoly with k > 1 is
the tensor product D0poly ⊗R · · · ⊗R D0poly of (k + 1) copies of the left R-module D0poly. Multiplication in
U(L) from the left by elements of Γ(A) induces anA-module structure on the quotient U(L)U(L)Γ(A) . This action
of A on D0poly extends naturally to an action of A on Dkpoly for each k. In fact, D0poly is a cocommutative
coassociative coalgebra over R whose comultiplication ∆ : D0poly → D0poly ⊗R D0poly is a morphism of
A-modules. Therefore the Hochschild complex
0 D−1poly D0poly D1poly D2poly · · ·
dH dH dH dH
determined by the comultiplication ∆ : D0poly → D0poly⊗RD0poly is a complex ofA-modules. Its Chevalley–
Eilenberg hypercohomology cochain complex is denoted
(
tot(Γ(Λ•A∨)⊗R D•poly), dUA + dH
)
.
For instance, for the Lie pair L = TX ⊗ C and A = T 0,1X stemming from a complex manifold X , the pair of
spaces tot
(
Γ(Λ•A∨)⊗RT •poly
)
and tot
(
Γ(Λ•A∨)⊗RD•poly
)
are precisely the standard dglas
(
Ω0,•(T •poly(X)), ∂¯
)
and
(
Ω0,•(D•poly(X)), ∂¯+dH
)
. The correspondingChevalley–Eilenberg hypercohomology groupsH•CE(A, T •poly)
and H•CE(A,D•poly) are isomorphic to the sheaf cohomology group H•(X,Λ•TX) and the Hochschild coho-
mology group HH•(X), respectively.
The skew-symmetric extension of the natural inclusion Γ(L/A) ↪→ D0poly to the complex ofA-modules T •poly
yields a morphism of A-modules hkr : T •poly → D•poly. The induced morphism of Chevalley–Eilenberg hy-
percohomology cochain complexes hkr : tot
(
Γ(Λ•A∨) ⊗R T •poly
) → tot (Γ(Λ•A∨) ⊗R D•poly), which
is also called Hochschild–Kostant–Rosenberg map, is actually a quasi-isomorphism. It is thus natural to
ask whether hkr can be extended to an L∞ quasi-isomorphism analogous to Kontsevich’s formality quasi-
isomorphism for smooth manifolds. The answer is negative in general and the reason is quite simple. For a
smooth manifold M , the Hochschild–Kostant–Rosenberg map induces an isomorphism of Lie algebras (in
fact an isomorphism of Gerstenhaber algebras) from the polyvectors fields T •poly(M) onM equipped with the
Schouten bracket to the Hochschild cohomologyH•(D•poly(M), dH ) equipped with the Gerstenhaber brack-
et. However, for a Lie pair (L,A), the morphism in cohomology hkr : H•CE(A, T •poly) → H•CE(A,D•poly)
induce by the Hochschild–Kostant–Rosenberg map preserves neither the Lie algebra nor the associative al-
gebra structures. The Hochschild–Kostant–Rosenberg map hkr must indeed be modified; it must be tweaked
by the square root of the Todd cocycle of the Lie pair.
The Atiyah class of a Lie pair (L,A) was introduced and studied by Chen–Stiénon–Xu in [17]. It captures
the obstruction to the existence of ‘compatible’ L-connections on L/A extending the Bott A-representation.
The Atiyah class of Lie pairs is a simultaneous extension of both the classical Atiyah class of holomorphic
vector bundles [1] and the Molino class of foliations [52]. As was first observed for holomorphic tangent
bundles by Kapranov [34] (see also [35]), the Atiyah class of Lie pairs is the source of homotopy Lie algebras
[17, 39, 40]. Let us briefly recall its definition. Given a Lie pair (L,A) with quotient B = L/A, choose
an L-connection ∇ on B extending the Bott A-representation. The curvature of ∇ induces a section R∇1,1 ∈
Γ(A∨⊗A⊥⊗End(L/A)), which is a Chevalley–Eilenberg 1-cocycle for the Lie algebroid A with values in
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the A-module A⊥ ⊗End(L/A). Its cohomology class αL/A ∈ H1CE(A,A⊥ ⊗End(L/A)) does not depend
on the choice of L-connection∇ and is called Atiyah class of the Lie pair (L,A).
We can assign a Todd cocycle — defined in terms of the Atiyah cocycle — with each Lie pair (L,A) in the
exact same way the Todd cocycle of a complex manifold is derived from its Atiyah cocycle. The Todd cocycle
of a Lie pair (L,A) is the Chevalley-Eilenberg cocycle
td∇L/A = det
(
R∇1,1
1− e−R∇1,1
)
∈
⊕
k=0
Γ(ΛkA∨ ⊗ ΛkA⊥). (1)
Its cohomology class TdL/A ∈
⊕
k=0H
k
CE(A,Λ
kA⊥) is the Todd class of the Lie pair (L,A). See Sec-
tion 1.2 for details.
The main goal of this paper is to establish the following formality theorem for Lie pairs: There exists an L∞
quasi-isomorphism from tot
(
Γ(Λ•A∨)⊗R T •poly
)
to tot
(
Γ(Λ•A∨)⊗RD•poly
)
whose first Taylor coefficient
is equal to hkr ◦(td∇L/A)
1
2 , with (td∇L/A)
1
2 ∈ ⊕k=0 Γ(ΛkA∨ ⊗ ΛkA⊥) acting on tot (Γ(Λ•A∨) ⊗R T •poly)
by contractions. See Theorem 2.1.
Furthermore, we obtain the following Kontsevich–Duflo type theorem for Lie pairs: Given a Lie pair (L,A),
the map hkr ◦Td
1
2
L/A : H
•
CE(A, T •poly)→ H•CE(A,D•poly), is an isomorphism of Gerstenhaber algebras. See
Theorem 2.2.
Our result is verymuch inspired byKontsevich’s seminal work [36], in which it is highlighted that the classical
Duflo theorem is one of many consequences of the formality construction. For every Lie algebra g, the
symmetrization map pbw : S(g) → U(g) is an isomorphism of g-modules called Poincaré–Birkhoff–Witt
isomorphism. The induced isomorphism pbw : S(g)g → U(g)g between subspaces of g-invariants does not
intertwine the obvious multiplications on S(g)g and U(g)g. However, it can be modified so as to become
an isomorphism of associative algebras. The Duflo element J ∈ Sˆ(g∨) of a Lie algebra g is the formal
polynomial on g defined by J(x) = det
(
1−e−adx
adx
)
, for all x ∈ g. Considered as a translation-invariant
formal differential operator on g∨, the square root of the Duflo element defines a transformation J
1
2 : S(g)→
S(g). A remarkable theorem due to Duflo [24] asserts that the composition pbw ◦J 12 : S(g)g → U(g)g is an
isomorphism of associative algebras. Duflo’s theorem generalizes a fundamental result of Harish-Chandra
regarding the center of the universal enveloping algebra of a semi-simple Lie algebra. Duflo’s original proof
was based on deep and sophisticated techniques of representation theory includingKirillov’s orbit method. As
an application of his formality construction, Kontsevich proposed a new proof of Duflo’s theorem by means
of the induced associative algebra structure on tangent cohomology at a Maurer–Cartan element. Indeed,
Kontsevich’s approach [36] has led to an extension of Duflo’s theorem: For every finite dimensional Lie
algebra g, the map pbw ◦J 12 : H•CE(g, S(g)) → H•CE(g,U(g)) is an isomorphism of graded associative
algebras. The classical Duflo theorem is the isomorphism of the cohomologies in degree 0. A detailed proof
of the above extended Duflo theorem was given by Pevzner–Torossian [54] (see also [44, 45]).
Kontsevich discovered a similar phenomenon in complex geometry. Recall that the Hochschild cohomology
groupsHH•(X) of a complexmanifoldX are defined as the groupsExt•OX×X (O∆,O∆) [13]. Gerstenhaber–
Shack [30] derived an isomorphism of cohomology groups hkr : H•(X,Λ•TX) → HH•(X) from the
classical Hochschild–Kostant–Rosenberg map. This isomorphism fails to intertwine the multiplications in
both cohomologies but can be tweaked so as to produce an isomorphism of associative algebras. More pre-
cisely, Kontsevich [36] obtained the following theorem: The composition hkr ◦(TdX) 12 : H•(X,Λ•TX) →
HH•(X), where the symbol TdX denotes the Todd class of the complex manifold X , is an isomorphism of
associative algebras. The multiplications onH•(X,Λ•TX) andHH•(X) are respectively the wedge product
and the Yoneda product. Calaque–Van den Bergh [12] wrote a detailed proof of Kontsevich’s theorem, and
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showed that the map hkr ◦(TdX) 12 actually preserves the Gerstenhaber algebra structures on both cohomolo-
gies. We refer the reader to [20, 70] for a related result.
Hence Kontsevich’s formality revealed a hidden connection between two areas of mathematics: complex ge-
ometry and Lie theory. The mysterious and surprising similarity between the Todd class of a complex mani-
fold and the Duflo element of a Lie algebra — two seemingly unrelated objects — led to further exciting de-
velopments. In 1998, Shoikhet [62] announced the so called Kontsevich–Shoikhet theorem (Theorem 2.16),
which explains the deep ties between Lie theory and complex geometry and provides a unified framework for
their study. The theorem states that a formula of Duflo type holds for the dg manifolds (Rm|n, Q).
Our approach is inspired by Dolgushev’s proof of Kontsevich’s global formality theorem for smooth mani-
folds [19] and relies heavily on the Fedosov dg Lie algebroid constructed in [66, 3] (and independently by
Batakidis–Voglaire in the special case of matched pairs [4]). Roughly speaking, a Fedosov dg Lie algebroid
associated with a Lie pair (L,A) is a dg Lie algebroid whose associated spaces of polyvector fields and poly-
differential operators are homotopy equivalent to
(
tot(Γ(Λ•A∨) ⊗R T •poly), dBottA
)
and
(
tot(Γ(Λ•A∨) ⊗R
D•poly), dUA + dH
)
, respectively (in a style reminiscent of Dolgushev’s Fedosov resolutions [19]). More pre-
cisely, having chosen some additional geometric data, one can endow the graded manifoldM = L[1]⊕L/A
with a structure of dg manifold (M, Q) homotopy equivalent to (A[1], dA) [66]. We call any such a dg
manifold (M, Q) a ‘Fedosov dg manifold associated with the Lie pair (L,A).’ The Fedosov dg Lie alge-
broid F is a certain dg Lie subalgebroid of the tangent dg Lie algebroid TM of the Fedosov dg manifold
(M, Q). In other words, F is the dg Lie algebroid encoding a certain dg foliation of (M, Q). Since a Lie
algebroid can be thought of as an extension of the tangent bundle of a manifold, the notions of polyvec-
tor fields and polydifferential operators admit extensions to the context of a Lie algebroid and these each
carry a natural dgla structure [76, 77]. Likewise, the notions of polyvector fields and polydifferential oper-
ators can be extended in an appropriate sense to the context of a dg Lie algebroid, yielding two dglas T •poly
and D•poly whose corresponding cohomology groups are naturally Gerstenhaber algebras. The “polyvector
fields” and “polydifferential operators” associated to the Fedosov dg Lie algebroid F can be viewed geo-
metrically as polyvector fields and polydifferential operators tangent to the dg foliation on the Fedosov dg
manifold (M, Q). In fact, one can identify the “polyvector fields” and “polydifferential operators” on F to(
tot(Γ(Λ•L∨) ⊗R T •poly), [Q,−] , [−,−]
)
and
(
tot(Γ(Λ•L∨) ⊗R D•poly), JQ+m,−K , J−,−K ), re-
spectively, where T •poly denotes the formal polyvector fields and D•poly the formal polydifferential operators
tangent to the fibers of the vector bundle L/A→M .
By applying Kontsevich formality theorem fiberwisely to F →M, we prove that there exists an L∞ quasi-
isomorphism
Φ :
(
tot(Γ(Λ•L∨)⊗R T •poly), [Q,−] , [−,−]
)→ ( tot(Γ(Λ•L∨)⊗R D•poly), JQ+m,−K , J−,−K ).
This L∞ quasi-isomorphism Φ is in fact a sequence of maps (Φn)∞n=1 — its ‘Taylor coefficients’ — the first
amongst which is a quasi-isomorphism of cochain complexes
Φ1 : tot(Γ(Λ
•L∨)⊗R T •poly)→ tot(Γ(Λ•L∨)⊗R D•poly).
The latter induces an isomorphism of Lie algebras on the level of cohomologies. A standard argument of
Kontsevich, Manchon–Torossian, and Mochizuki [36, 44, 45, 50] suffices to prove that Φ1 intertwines the
associative multiplications carried by the cohomologies as well. Hence, in cohomology, Φ1 really is an
isomorphism of Gerstenhaber algebras.
Next, we apply the Kontsevich–Shoikhet theorem (Theorem 2.16) in order to prove that Φ1 is essentially the
fiberwise HKR map enhanced by the Todd class of the Fedosov dg Lie algebroid. More precisely, we prove
that Φ1 is the composition
Φ1 = hkr ◦(t˜dcanF )
1
2
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of the natural extension hkr of the fiberwise Hochschild–Kostant–Rosenberg map T •poly → D•poly and the
action on tot(Γ(Λ•L∨)⊗RT •poly) (by contraction) of the square root of the Todd cocycle t˜d
can
F of the Fedosov
dg Lie algebroid F associated with the canonical connection defined by Equation (9).
Then our main theorem essentially follows from a careful combination of the above results together with
various L∞ quasi-isomorphisms. Our approach was largely influenced and indeed relies on several standard
techniques pioneered by Kontsevich in his seminal paper [36] and expounded at greater length in subsequent
literature [62, 12]. However, we emphasize the role of Fedosov dg Lie algebroids as it sheds new light on
and indeed provides transparent understanding of Kontsevich’s global formality theorem and, in particular,
the Kontsevich–Duflo phenomenon.
In Section 3, we apply our results to a number of interesting classes of examples of Lie pairs, namely those
arising from complex manifolds, from regular foliations, and from g-manifolds. In each case, we obtain a
formality theorem and a Kontsevich–Duflo type theorem. In the case of Lie pairs stemming from complex
manifolds, we recover the Kontsevich–Duflo theorem of complex geometry [36, 12]. As far as we know,
the formality and Kontsevich–Duflo type theorems obtained for geometric situations such as foliations and
g-manifolds are new. In the future, we plan to investigate the implications of the formality theorem in de-
formation quantization, in particular for the special instances of Lie pairs listed above. While Kontsevich’s
formality is concerned withL∞ algebra structures, Tsygan’s formality for chains takes care of the correspond-
ing L∞ module structures [69]. An explicit formula for chain formality was first constructed by Shoikhet
[64]. Formality for chains is related to Tsygan’s program of noncommutative calculus [70, 67], which is itself
closely related to the algebraic index theorem [53, 8, 27, 56, 55, 57, 74]. In a separate publication, we will
study Tsygan’s formality for Lie pairs and its application to the index theorem. When the Lie pair arises from
a regular foliation, it would be interesting to explore the connection with the work of Gorokhovsky–Lott [31]
and Pflaum–Posthuma–Tang [57] on the transverse index theorem.
Terminology and notations.
Natural numbers. We use the symbol N to denote the set of positive integers and the symbol N0 for the set
of nonnegative integers.
Field k and ring R. We use the symbol k to denote the field of either real or complex numbers. The symbol
R always denotes the algebra of smooth functions onM with values in k.
Tensor products. For any two R-modules P and Q, we write P ⊗R Q to denote the tensor product of P and
Q as R-modules and P ⊗Q to denote the tensor product of P and Q regarded as k-modules.
Completed symmetric algebra. Given a moduleM over a ring, the symbol Sˆ(M) denotes the m-adic com-
pletion of the symmetric algebra S(M), where m is the ideal of S(M) generated byM.
Duality pairing. For every vector bundle E →M , we define a duality pairing
Γ(Sˆ(E∨))× Γ(S(E))→ R
by
〈ν1 ⊗ · · · ⊗ νp|v1 ⊗ · · · ⊗ vq〉 =
{∑
σ∈Sp
∏p
k=1
〈
νk
∣∣vσ(k)〉 if p = q,
0 otherwise.
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Multi-indices. Let E → M be a smooth vector bundle of finite rank r, let (∂i)i∈{1,...,r} be a local frame of
E and let (χj)j∈{1,...,r} be the dual local frame of E∨. Thus, we have 〈χi|∂j〉 = δi,j . Given a multi-index
I = (I1, I2, · · · , Ir) ∈ Nr0, we adopt the following multi-index notations:
I! = I1! · I2! · · · Ir!
|I| = I1 + I2 + · · ·+ Ir
∂I = ∂1  · · ·  ∂1︸ ︷︷ ︸
I1 factors
 ∂2  · · ·  ∂2︸ ︷︷ ︸
I2 factors
 · · ·  ∂r  · · ·  ∂r︸ ︷︷ ︸
Ir factors
χI = χ1  · · ·  χ1︸ ︷︷ ︸
I1 factors
 χ2  · · ·  χ2︸ ︷︷ ︸
I2 factors
 · · ·  χr  · · ·  χr︸ ︷︷ ︸
Ir factors
We use the symbol ek to denote the multi-index all of whose components are equal to 0 except for the k-th
which is equal to 1. Thus χek = χk.
Shuffles. A (p, q)-shuffle is a permutation σ of the set {1, 2, · · · , p+q} such that σ(1) < σ(2) < · · · < σ(p)
and σ(p+ 1) < σ(p+ 2) < · · · < σ(p+ q). The symbol Sqp denotes the set of (p, q)-shuffles.
Graduation shift. Given a graded vector space V =
⊕
k∈Z Vk, we write V [i] to denote the graded vector
space obtained by shifting the grading on V according to the rule (V [i])k = Vi+k. Accordingly, if E =⊕
k∈ZEk is a graded vector bundle overM , E[i] denotes the graded vector bundle obtained by shifting the
degree in the fibers of E according to the above rule.
Koszul sign. The Koszul sign sgn(σ; v1, · · · , vn) of a permutation σ of homogeneous vectors v1, v2, . . . , vn
of a Z-graded vector space V =
⊕
k∈Z Vk is determined by the equality
vσ(1)  vσ(2)  · · ·  vσ(n) = sgn(σ; v1, · · · , vn) · v1  v2  · · ·  vn
in the graded commutative algebra S(V ).
Lie algebroid. In this paper ‘Lie algebroid’ always means ‘Lie k-algebroid’ unless specified otherwise.
Contraction. Let (C,ð) and (K, d) be two cochain complexes. A contraction of (K, d) onto (C,ð) consists
of a pair of chain maps τ : C → K and σ : K → C together with a chain homotopy operator h : K → K[−1]
satisfying
στ = idC ; idK −τσ = dh+ hd;
σh = 0; h2 = 0; and hτ = 0.
We symbolize such a contraction by a diagram
(C,ð) (K, d)
τ
σ
h .
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1. Preliminaries
1.1. Connections and representations for Lie algebroids. LetM be a smooth manifold, let L→M be a
Lie k-algebroid with anchor map ρ : L→ TM ⊗R k, and let E →M be a vector bundle over k. The algebra
of smooth functions onM with values in k will be denoted R.
The traditional description of a (linear) L-connection on E is in terms of a covariant derivative
Γ(L)× Γ(E)→ Γ(E) : (l, e) 7→ ∇le
characterized by the following two properties:
∇f ·le = f · ∇le, (2)
∇l(f · e) = ρ(l)f · e+ f · ∇le, (3)
for all l ∈ Γ(L), e ∈ Γ(E), and f ∈ R.
Remark 1.1. A covariant derivative ∇ : Γ(L)× Γ(E)→ Γ(E) induces a covariant derivative ∇ : Γ(L)×
Γ(S(E))→ Γ(S(E)) through the relation
∇l(e1  · · ·  en) =
n∑
k=1
e1  · · ·  ∇lek  · · ·  en,
for all l ∈ Γ(L) and e1, . . . , en ∈ Γ(E).
Remark 1.2. A covariant derivative ∇ : Γ(L) × Γ(S(E)) → Γ(S(E)) induces a covariant derivative
∇ : Γ(L)× Γ(Sˆ(E∨))→ Γ(Sˆ(E∨)) through the relation
ρ(l) 〈σ|s〉 = 〈∇lσ|s〉+ 〈σ|∇ls〉
for all l ∈ Γ(L), s ∈ Γ(S(E)), and σ ∈ Γ(Sˆ(E∨)).
A representation of a Lie algebroid L on a vector bundle E → M is a flat L-connection ∇ on E, i.e. a
covariant derivative ∇ : Γ(L)× Γ(E)→ Γ(E) satisfying
∇l1∇l2e−∇l2∇l1e = ∇[l1,l2]e, (4)
for all l1, l2 ∈ Γ(L) and e ∈ Γ(E). A vector bundle endowed with a representation of the Lie algebroid L is
called an L-module.
Example 1.3. Let (L,A) be a Lie pair, i.e. an inclusion A ↪→ L of Lie algebroids. The Bott representation
of A on the quotient L/A is the flat connection defined by
∇Botta q(l) = q
(
[a, l]
)
, ∀a ∈ Γ(A), l ∈ Γ(L),
where q denotes the canonical projection L  L/A. Thus the quotient L/A of a Lie pair (L,A) is an
A-module.
Let L be a Lie algebroid over a smooth manifoldM , and R be the algebra of smooth functions onM valued
in k. The Chevalley–Eilenberg differential
dL : Γ(Λ
kL∨)→ Γ(Λk+1L∨)
defined by
(
dLω
)
(l0, l1, · · · , lk) =
n∑
i=0
(−1)iρ(li)
(
ω(l0, · · · , l̂i, · · · , lk)
)
+
∑
i<j
(−1)i+jω([li, lj ], l0, · · · , l̂i, · · · , l̂j , · · · , lk)
and the exterior product make
⊕
k>0 Γ(Λ
kL∨) into a differential graded commutative R-algebra.
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Given a Lie algebroid L of rank n, and an L-connection ∇ on a vector bundle E → M , the covariant
differential is the operator
d∇L : Γ(Λ
kL∨ ⊗ E)→ Γ(Λk+1L∨ ⊗ E)
that takes a section ω ⊗ e of ΛkL∨ ⊗ E to
d∇L (ω ⊗ e) = (dLω)⊗ e+
n∑
j=1
(νj ∧ ω)⊗∇vje,
where v1, v2, . . . , vn and ν1, ν2, . . . , νn are any pair of dual local frames for the vector bundles L and L∨. If
the connection∇ is flat, then d∇L is a coboundary operator: d∇L ◦ d∇L = 0.
Let L be a Lie algebroid and let
0 E−1 E0 E1 E2 · · ·d d d d
be a complex of U(L)-modules. The Chevalley–Eilenberg hypercohomology group HkCE(L, E•) is the de-
gree k total cohomology of the double complex
...
...
...
· · · Γ(Λp−1L∨)⊗R Eq+1 Γ(ΛpL∨)⊗R Eq+1 Γ(Λp+1L∨)⊗R Eq+1 · · ·
· · · Γ(Λp−1L∨)⊗R Eq Γ(ΛpL∨)⊗R Eq Γ(Λp+1L∨)⊗R Eq · · ·
...
...
...
dEL d
E
L
dEL
id⊗(−1)p−1dE
dEL
id⊗(−1)pdE id⊗(−1)p+1dE
When we say that the above diagram is a double complex, we mean in particular that each square of the grid
commutes. Hence the hypercohomology HkCE(L, E•) is the cohomology of the total complex(
tot
(
Γ(Λ•L∨)⊗R E•
)
, dEL + id⊗dE
)
.
Recall that, the degree of the operator dE being +1, the usual sign convention for the tensor product of linear
maps in the presence of gradings dictates that(
id⊗dE
)
(ω ⊗ e) = (−1)pω ⊗ dE(e), ∀ω ∈ Γ(ΛpL∨), ∀e ∈ E•.
1.2. Atiyah class and Todd class of a Lie pair. Let (L,A) be a pair of Lie algebroids over k. We write B
to denote the quotient vector bundle L/A. Consider the short exact sequence of vector bundles
0 A L B 0i
q
.
Given L-connection∇ on B, we define a bundle map T∇ : Λ2L→ B by
T∇(x, y) = ∇xq(y)−∇yq(x)− q
(
[x, y]
)
, ∀x, y ∈ Γ(L).
An L-connection∇ on B is said to extend the Bott A-connection on B (see Example 1.3) if
∇i(a)q(l) = ∇Botta q(l) = q
(
[i(a), l]
)
, ∀a ∈ Γ(A), l ∈ Γ(L).
Lemma 1.4. The following assertions are equivalent:
(1) The L-connection∇ on B extends the Bott A-connection on B.
(2) For all a ∈ Γ(A) and l ∈ Γ(L), we have T∇(i(a), l) = 0.
10 HSUAN-YI LIAO, MATHIEU STIÉNON, AND PING XU
(3) There exists a unique bundle map β∇ : Λ2(B)→ B such that the diagram
Λ2L B
Λ2B
q
T∇
β∇
commutes.
Proof. Since q ◦ i = 0, we have
0 = T∇
(
i(a), l
)
= ∇i(a)q(l)− q
(
[i(a), l]
)
,
for all a ∈ Γ(A) and l ∈ Γ(L). 
Hence a torsion-free L-connection on B is necessarily an extension of the Bott A-connection.
An L-connection∇ on B is said to be torsion-free if T∇ = 0 (and hence β∇ = 0).
Lemma 1.5. Given a Lie pair (L,A) with quotient B = L/A, there exist torsion-free L-connections on B.
Sketch of proof. First, construct an L-connection∇ on B using the usual partition of unity argument. Then,
tweak∇ so as to obtain an extension∇′ : Γ(L)×Γ(B)→ Γ(B) of the BottA-connection: choose a splitting
i ◦ p+ j ◦ q = idL of the short exact sequence
0 A L B 0i
p
q
j
(5)
and set
∇′lb = q
(
[i ◦ p(l), j(b)])+∇j◦q(l)b.
Finally, obtain a torsion-free connection ∇′′ : Γ(L)× Γ(B)→ Γ(B) from ∇′ by setting
∇′′l b = ∇′lb−
1
2
β∇
′(
q(l), b
)
. 
Given a Lie pair (L,A) with quotient B = L/A, let ∇ be an L-connection on B extending the Bott A-
connection. The curvature of∇ is the bundle map R∇ : Λ2L→ End(B) defined by
R∇(x, y) = ∇x∇y −∇y∇x −∇[x,y], ∀x, y ∈ Γ(L).
Since B is an A-module, the restriction of R∇ to Λ2A vanishes. Hence the curvature induces a section
R∇1,1 ∈ Γ(A∨ ⊗A⊥ ⊗ End(B)) or, equivalently, a bundle map R∇1,1 : A⊗ (L/A)→ End(B) given by
R∇1,1
(
a; q(l)
)
= R∇(a, l) = ∇a∇l −∇l∇a −∇[a,l], ∀a ∈ Γ(A), l ∈ Γ(L).
Proposition 1.6 ([17]). (1) The section R∇1,1 ∈ Γ(A∨ ⊗ A⊥ ⊗ End(L/A)) is a 1-cocycle for the Lie
algebroid A with values in the A-module A⊥ ⊗ End(L/A).
(2) The cohomology class αL/A ∈ H1CE(A,A⊥ ⊗End(L/A)) of the 1-cocycle R∇1,1 does not depend on
the choice of L-connections extending the Bott A-connection.
We call R∇1,1 the Atiyah cocycle associated with the L-connection∇. Its cohomology class
αL/A ∈ H1CE
(
A,A⊥ ⊗ End(L/A)) = H1CE(A,B∨ ⊗ End(B))
is called the Atiyah class of the Lie pair.
Choosing a splitting i ◦ p + j ◦ q = idL of the short exact sequence (5), we can identify Λ2L∨ with the
Whitney sum Λ2A∨ ⊕ (A∨ ⊗B∨)⊕ Λ2B∨.
The following lemma will be needed later on.
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Lemma 1.7. Under the identification above, the curvature of ∇ decomposes as
R∇ = R˜∇1,1 +R
∇
0,2
where R˜∇1,1 ∈ Γ(Λ2L∨⊗End(B)) denotes the skew-symmetrization ofR∇1,1 ∈ Γ(A∨⊗B∨⊗End(B)), and
R∇0,2 : Λ2L→ End(B) is the bundle map defined by
R∇0,2(x, y) = R
∇(j ◦ q(x), j ◦ q(y)), ∀x, y ∈ Γ(L).
The Todd cocycle of a Lie pair (L,A) is the Chevalley-Eilenberg cocycle
td∇L/A = det
(
R∇1,1
1− e−R∇1,1
)
∈
⊕
k=0
Γ(ΛkA∨ ⊗ ΛkA⊥),
t˜d
∇
L/A = det
(
R∇1,1
e
1
2
R∇1,1 − e− 12R∇1,1
)
∈
⊕
k=0
Γ(ΛkA∨ ⊗ ΛkA⊥).
The Todd class of a Lie pair (L,A) is the cohomology class
TdL/A = det
(
αL/A
1− e−αL/A
)
∈
⊕
k=0
HkCE(A,Λ
kA⊥),
T˜dL/A = det
(
αL/A
e
1
2
αL/A − e− 12αL/A
)
∈
⊕
k=0
HkCE(A,Λ
kA⊥).
In the particular case of the Lie pair comprised of the LieC-algebroids L = TX⊗C andA = T 0,1X associated
with a complex manifold X , the quotient of the pair is T 1,0X and the Atiyah class and the Todd class of the
pair are the classical Atiyah class of TX and the classical Todd class of the complex manifold X .
1.3. Polydifferential operators. The universal enveloping algebraU(L) of the Lie algebroidL is a coalgebra
over R— see [77]. Its comultiplication
∆ : U(L)→ U(L)⊗R U(L)
is characterized by the identities
∆(1) = 1⊗ 1;
∆(x) = 1⊗ x+ x⊗ 1, ∀x ∈ Γ(L);
∆(u · v) = ∆(u) ·∆(v), ∀u, v ∈ U(L),
where 1 ∈ R denotes the constant function onM with value 1 while the symbol · denotes the multiplication
in U(L). We refer the reader to [77] for the precise meaning of the last equation above. Explicitly, we have
∆(l1 · l2 · · · · · ln) = 1⊗ (l1 · l2 · · · · · ln) +
∑
p+q=n
p,q∈N
∑
σ∈Sqp
(lσ(1) · · · · · lσ(p))⊗ (lσ(p+1) · · · · · lσ(n))
+ (l1 · l2 · · · · · ln)⊗ 1,
for all l1, . . . , ln ∈ Γ(L).
Let (L,A) be a pair of Lie algebroids over k. Writing U(L)Γ(A) for the left ideal of U(L) generated by
Γ(A), the quotient U(L)U(L)Γ(A) is automatically an R-coalgebra since
∆
(U(L)Γ(A)) ⊆ U(L)⊗R (U(L)Γ(A))+ (U(L)Γ(A))⊗R U(L).
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Let D−1poly denote the algebra R of smooth functions on the manifold M , let D0poly denote the left U(A)-
module U(L)U(L)Γ(A) , let Dkpoly denote the tensor product D0poly ⊗R · · · ⊗R D0poly of (k + 1) copies of the left
R-module D0poly, and set D•poly =
⊕∞
k=−1Dkpoly. Since U(A) is a Hopf algebroid, it follows that for each
k > −1, Dkpoly is also naturally a U(A)-module [77].
Lemma 1.8. The U(A)-moduleD0poly is a cocommutative coassociative coalgebra overR whose comultipli-
cation ∆ : D0poly → D0poly ⊗R D0poly is a morphism of U(A)-modules.
Since the comultiplication ∆ is coassociative, the Hochschild operator dH : Dk−1poly → Dkpoly defined by
dH (u1 ⊗ · · · ⊗ uk) = 1⊗ u1 ⊗ · · · ⊗ uk +
k∑
i=1
(−1)iu1 ⊗ · · · ⊗∆(ui)⊗ · · · ⊗ uk
+ (−1)k+1u1 ⊗ · · · ⊗ uk ⊗ 1,
for all u1, u2, . . . , uk ∈ D0poly, is a coboundary operator, i.e. d2H = 0.
Moreover, dH : Dk−1poly → Dkpoly is a morphism of U(A)-modules, since the comultiplication ∆ : D0poly →
D0poly ⊗R D0poly is a morphism of U(A)-modules. Therefore, the Hochschild complex
0 D−1poly D0poly D1poly D2poly · · ·
dH dH dH dH
is a complex of U(A)-modules.
The Chevalley–Eilenberg hypercohomology HkCE(A,D•poly) is the degree k total cohomology of the double
complex
...
...
...
Γ(Λ0A∨)⊗R D0poly Γ(Λ1A∨)⊗R D0poly Γ(Λ2A∨)⊗R D0poly · · ·
Γ(Λ0A∨)⊗R D−1poly Γ(Λ1A∨)⊗R D−1poly Γ(Λ2A∨)⊗R D−1poly · · ·
id⊗dH
dUA
− id⊗dH
dUA
id⊗dH
dUA
id⊗dH
dUA
− id⊗dH
dUA
id⊗dH
dUA
(6)
The horizontal coboundary operator dUA : Γ(ΛpA∨)⊗Dqpoly → Γ(Λp+1A∨)⊗Dqpoly is defined by
dUA(ω ⊗ u0 ⊗ · · · ⊗ uq) = (dAω)⊗ u0 ⊗ · · · ⊗ uq
+
rk(A)∑
j=1
q∑
k=0
(αj ∧ ω)⊗ u0 ⊗ · · · ⊗ uk−1 ⊗ aj · uk ⊗ uk+1 ⊗ · · · ⊗ uq,
for all ω ∈ Γ(ΛpA∨) and u1, u2, . . . , uk ∈ D0poly. Here (ai)i∈{1,...,r} designates any local frame of A and
(αj)j∈{1,...,r} the corresponding dual local frame of A∨.
Thus, HkCE(A,D•poly) is the cohomology of the total complex(
tot
(
Γ(Λ•A∨)⊗R D•poly
)
, dUA + dH
)
,
where we use the abbreviated symbol dH to denote the operator id⊗dH . Recall that, the degree of the
operator dH being +1, the usual sign convention for the tensor product of linear maps in the presence of
gradings dictates that(
id⊗dH
)
(ω ⊗ u) = (−1)pω ⊗ dH (u), ∀ω ∈ Γ(ΛpA∨), ∀u ∈ D•poly.
FORMALITY AND KONTSEVICH–DUFLO TYPE THEOREMS FOR LIE PAIRS 13
In the sequel, we will refer to H•CE(A,D•poly) as the Hochschild cohomology of the Lie pair (L,A).
Lemma 1.9. For any Lie pair (L,A), the Hochschild cohomologyH•CE(A,D•poly) is an associative algebra,
whose multiplication stems from the tensor product of left R-modules ⊗R in D•poly.
Remark 1.10. Since, unlike the universal enveloping algebra U(L) of a Lie algebroid L, the space D0poly
is not a Hopf algebroid, the Gerstenhaber bracket (22) does not extend to D•poly (and Γ(Λ•A∨) ⊗R D•poly).
Therefore, unlike H•CE(A,U(L)⊗•+1), the Hochschild cohomology H•CE(A,D•poly) does not, a priori, admit
a Gerstenhaber algebra structure. However, it turns out that tot(Γ(Λ•A∨) ⊗R D•poly) does actually admit
an L∞ structure and that its cohomology admits a Gerstenhaber algebra structure. These arise from what
we call a Fedosov dg Lie algebroid associated with the Lie pair (L,A) — see Corollary A.20.
1.4. Polyvector fields. Given a Lie pair (L,A), let T −1poly denote the algebra R of smooth functions on the
manifold M , set T kpoly := Γ(Λk+1(L/A)) for k > 0, and consider T •poly =
⊕
k=−1 T kpoly as a complex of
U(A)-modules with trivial differential:
0 T −1poly T 0poly T 1poly T 2poly · · ·0 0 0 0
The Chevalley–Eilenberg hypercohomology HkCE(A, T •poly) is the degree k total cohomology of the double
complex
...
...
...
Γ(Λ0A∨)⊗R T 0poly Γ(Λ1A∨)⊗R T 0poly Γ(Λ2A∨)⊗R T 0poly · · ·
Γ(Λ0A∨)⊗R T −1poly Γ(Λ1A∨)⊗R T −1poly Γ(Λ2A∨)⊗R T −1poly · · ·
0
dBottA
0
dBottA
0
dBottA
0
dBottA
0
dBottA
0
dBottA
(7)
The coboundary operator dBottA : Γ(ΛpA∨)⊗ T qpoly → Γ(Λp+1A∨)⊗ T qpoly is defined by
dBottA (ω ⊗ b0 ∧ · · · ∧ bq) = (dAω)⊗ b0 ∧ · · · ∧ bq
+
rk(A)∑
j=1
q∑
k=0
(αj ∧ ω)⊗ b0 ∧ · · · ∧ bk−1 ∧∇Bottaj bk ∧ bk+1 ∧ · · · ∧ bq,
for all ω ∈ Γ(ΛpA∨) and b0, b1, . . . , bq ∈ Γ(L/A). Here (ai)i∈{1,...,r} designates any local frame of A and
(αj)j∈{1,...,r} the corresponding dual local frame of A∨.
Lemma 1.11. For any Lie pair (L,A), the cohomology H•CE(A, T •poly) is an associative algebra, whose
multiplication stems from the wedge product on T •poly.
Remark 1.12. Again,H•CE(A, T •poly) does not, a priori, admit a Gerstenhaber algebra structure. However, it
turns out that tot(Γ(Λ•A∨)⊗R T •poly) does actually admit an L∞ structure and that its cohomology admits
a Gerstenhaber algebra structure. These arise from what we call a Fedosov dg Lie algebroid associated with
the Lie pair (L,A) — see Corollary A.14.
1.5. Hochschild–Kostant–Rosenberg isomorphism. The natural inclusion Γ(L/A) ↪→ D0poly extends to a
morphism of complexes of U(A)-modules
hkr : T •poly → D•poly
by skew-symmetrization:
hkr(b1 ∧ · · · ∧ bn) = 1
n!
∑
σ∈Sn
sgn(σ)bσ(1) ⊗ bσ(2) ⊗ · · · ⊗ bσ(n), ∀b1, · · · , bn ∈ Γ(L/A).
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Furthermore, hkr induces a morphism of double complexes:
Lemma 1.13. The map
id⊗hkr : (Γ(Λ•A∨)⊗R T •poly, dBottA , 0)→ (Γ(Λ•A∨)⊗R D•poly, dUA,±dH )
is a morphism of double complexes from (7) to (6).
The induced map between total cohomologies is called Hochschild–Kostant–Rosenberg map. Abusing nota-
tions, we will denote it hkr instead of id⊗hkr.
Proposition 1.14. For any Lie pair (L,A), the Hochschild–Kostant–Rosenberg map
hkr : H•CE(A, T •poly)→ H•CE(A,D•poly)
is an isomorphism.
Proposition 1.14 can be proved by a spectral sequence argument. Repeating the argument in [36, Theo-
rem 4.10], one can prove the following lemma:
Lemma 1.15. For each p, the map
id⊗hkr : (Γ(ΛpA∨)⊗R T •poly, 0)→ (Γ(ΛpA∨)⊗R D•poly, (−1)pdH )
is a quasi-isomorphism.
Proof of Proposition 1.14. Consider the spectral sequences associated with the filtrations
F k
( ⊕
p>0
q>−1
(
Γ(ΛpA∨)⊗R T qpoly)
)
=
⊕
p>k
q>−1
(
Γ(ΛpA∨)⊗R T qpoly)
F k
( ⊕
p>0
q>−1
(
Γ(ΛpA∨)⊗R Dqpoly)
)
=
⊕
p>k
q>−1
(
Γ(ΛpA∨)⊗R Dqpoly)
on the double complexes (7) and (6). The map induced by id⊗hkr between the E0-terms of these two
spectral sequences is precisely the quasi-isomorphism of Lemma 1.15. Therefore id⊗hkr induces iso-
morphism between the Ek-terms of the two spectral sequences for each k larger than or equal to 1. Since
both filtrations are complete and exhaustive, it follows from the Eilenberg–Moore comparison theorem that
hkr : H•CE(A, T •poly)→ H•CE(A,D•poly) is an isomorphism. 
1.6. Atiyah and Todd cocycles/classes of a dg Lie algebroid. A dg vector bundle [48, 49, 37] is a vector
bundle in the category of dg manifolds. Given a vector bundle E pi−→ M of graded manifolds, its space of
sections, denoted Γ(E), is defined to be⊕j∈Z Γ(E)j , where Γ(E)j consists of sections of degree j, i.e. maps
s ∈ Hom(M, E [−j]) such that (pi[−j]) ◦ s = idM. Here pi[−j] : E [−j] →M is the natural map induced
by pi; see [48] for more details. When E → M is a dg vector bundle, the homological vector fields QE and
QM on E andM naturally determine an operator Q of degree +1 on Γ(E), making Γ(E) a dg module over
the dg algebra C∞(M), i.e. Q satisfies
Q(f · e) = QM(f) · e+ f · Q(e), ∀f ∈ C∞(M), e ∈ Γ(E).
Indeed, E pi−→M is a dg vector bundle if and only if “the vector field QE projects onto QM” i.e.
QE
(
pi∗(f)
)
= pi∗
(
QM(f)
)
, ∀f ∈ C∞(M)
and “the flow of QE preserves the linear structure of the fibers of pi” i.e. the submodule Γ(E∨) of C∞(E)
comprised of all smooth functions on E “linear along the fibers of pi” is stable under the derivation QE . The
restriction of QE to Γ(E∨) determines an operator Q on Γ(E) through the relation
QM
( 〈ζ|e〉 ) = 〈QE(ζ)∣∣e〉+ (−1)|ζ| 〈ζ|Q(e)〉 , ∀ζ ∈ Γ(E∨), e ∈ Γ(E).
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Since pi∗
(
C∞(M)) andΓ(E∨) together generate the algebraC∞(E)multiplicatively, knowledge of the vector
field QM and the operator Q suffices to recover the homological vector field QE .
The degree +1 operator Q on Γ(E) gives rise to a cochain complex
· · · → Γ(E)i Q−→ Γ(E)i+1 → · · · ,
whose cohomology group will be denoted by H•(Γ(E),Q).
A dg Lie algebroid is a Lie algebroid object in the category of dg manifolds. For more details, we refer the
reader to [48, 47], where dg Lie algebroids are called Q-algebroids. It is simple to see that ifM is a dg
manifold, then TM is naturally a dg Lie algebroid.
The notion of Atiyah class of dg Lie algebroids was introduced and studied by Mehta–Stiénon–Xu [49]. It
extends the notion of Atiyah class of a dg manifold, which was first investigated by Shoikhet [62] in relation
with Kontsevich’s formality theorem and Duflo’s formula.
Let A be a dg Lie algebroid with anchor ρ : A → TM. An A-connection on A is a map
∇ : Γ(A)× Γ(A)→ Γ(A)
of degree 0 satisfying
∇fXY = f∇XY
∇X(fY ) =
(
ρ(X)f
)
Y + (−1)|X||f |f∇XY
for all f ∈ C∞(M) and all (homogeneous) X,Y ∈ Γ(A). The notation | − | is used to denote the degree
of the argument. Here the degree of ∇ is its degree as a map from Γ(A) ⊗ Γ(A) to Γ(A). More precisely,
by saying that ∇ is a map of degree 0 we mean that |∇XY | = |X| + |Y | for every pair of homogeneous
elements X and Y . Connections always exist since the standard partition of unity argument holds in the
context of graded manifolds.
Given a dg Lie algebroidA, the associated operatorQ of degree +1 on Γ(A), and anA-connection∇ onA,
one defines a bundle map At∇A : A⊗A → A of degree +1 by
At∇A(X,Y ) := Q(∇XY )−∇Q(X)Y − (−1)|X|∇X
(Q(Y )), ∀X,Y ∈ Γ(A).
Alternatively, we may think of At∇A as a section of degree +1 in Γ(A∨ ⊗ EndA). It is immediate that
Q(At∇A) = 0. Since Q2 = 0, we may thus regard At∇A as a 1-cocycle in the cochain complex
(
Γ(A∨ ⊗
EndA)•,Q
)
.
Definition 1.16. The 1-cocycle At∇A ∈ Z1(Γ(A∨ ⊗ EndA),Q) is called the Atiyah 1-cocycle of the dg Lie
algebroid A with respect to the A-connection∇ on A.
It is simple to check that its cohomology class αA := [At∇A] ∈ H1
(
Γ(A∨ ⊗ EndA),Q) is independent of
the choice of the connection ∇. The class αA is called the Atiyah class of the dg Lie algebroid A. It is the
obstruction class to the existence of a dg compatible A-connection on A. (See [49] for more details.)
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The Todd cocycle td∇A (or t˜d
∇
A) and Todd class TdA (or T˜dA) of a dg Lie algebroidA are defined as follows:
td∇A := Ber
(
At∇A
1− e−At∇A
)
∈
∏
k>0
Γ(ΛkA∨)k,
t˜d
∇
A := Ber
(
At∇A
e
1
2
At∇A − e− 12 At∇A
)
∈
∏
k>0
Γ(ΛkA∨)k
TdA := Ber
(
αA
1− e−αA
)
∈
∏
k>0
Hk
(
Γ(ΛkA∨),Q),
T˜dA := Ber
(
αA
e
1
2
αA − e− 12αA
)
∈
∏
k>0
Hk
(
Γ(ΛkA∨),Q),
where ΛkA∨ denotes the dg vector bundle Sk(A∨[−1])[k] → M. The definition of the Berezinian Ber
can be found in [18]. It is known that TdA and T˜dA can be expressed in terms of the scalar Atiyah classes
ck :=
1
k!(
i
2pi )
k strαkA ∈ Hk
(
Γ(ΛkA∨),Q). Here str : EndA → C∞(M) denotes the supertrace and
str(At∇A)k ∈ Γ(ΛkA∨) since (At∇A)k ∈ Γ(ΛkA∨)⊗C∞(M) EndA.
Example 1.17. [49, Example 3.4] Consider the tangent dg Lie algebroid TM of a dg manifoldM = (V, Q),
where V = Rm × Vformal for some finite dimensional Z-graded vector space V over k. The algebra of
functions on the graded manifold V is C∞(V) = C∞(Rm) ⊗ Sˆ(V ∨). Let (z1, · · · , zN ) be a choice of
coordinate functions on V . Writing the homological vector field Q as Q = ∑kQk ∂∂zk , the Atiyah 1-cocycle
associated with the trivial connection ∇trivial∂
∂zi
∂
∂zj
= 0 admits the simple expression
AttrivialTV
(
∂
∂zi
,
∂
∂zj
)
= (−1)|zi|+|zj |
∑
k
∂2Qk
∂zi∂zj
∂
∂zk
.
Hence the Atiyah 1-cocycle AttrivialTV captures the second- and higher-order information contained in the
homological vector field.
In this paper, we are particularly interested in an important class of dg Lie algebroids, namely the Fedosov
dg Lie algebroids associated with a Lie pair (L,A). See the Appendix or [3] for more details.
1.7. Atiyah and Todd cocycles/classes of the Fedosov dg Lie algebroid. Let (L,A) be a Lie pair over
a smooth manifold M . Each choice of, firstly, a splitting of the short exact sequence of vector bundles
0 → A → L → B → 0 and, secondly, a torsion-free L-connection on B determines a homological vector
field Q on the graded manifoldM = L[1]⊕B — see Theorem A.7 in the Appendix. Any such dg manifold
(M, Q) is called a Fedosov dg manifold associated with the Lie pair (L,A). The pullback F → M of the
quotient bundle B → M through the canonical projectionM→ M is a dg Lie subalgebroid of the tangent
dg Lie algebroid TM →M— see Proposition A.9 in the Appendix. Any such dg Lie algebroid F →M is
called a Fedosov dg Lie algebroid associated with the Lie pair (L,A).
Since F →M is both the pullback of the vector bundle B → M through the canonical mapM  M and
a vector subbundle of TM →M, we have the inclusions
Γ(B) C∞(M)⊗C∞(M) Γ(B) Γ(F →M) X(M)
b 1⊗ b bˆ
∼=
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Indeed, Γ(F →M) is the C∞(M)-submodule of X(M) generated by Γ(B). In particular, if ∂1, . . . , ∂r is
a local frame for B and χ1, . . . , χr is the dual local frame for B∨, then ∂ˆk is the vector field ∂∂χk onM, i.e.
the derivation λ⊗ χM 7→ λ⊗MkχM−ek of C∞(M) ∼= Γ(ΛL∨ ⊗ Sˆ(B∨)).
There exists a canonical F-connection on F characterized by the relation
∇can
bˆ
cˆ = 0, ∀b, c ∈ Γ(B).
Definition 1.18. The Atiyah 1-cocycle AtcanF ∈ Z1(Γ(M;F∨⊗EndF),Q) corresponding to the canonical
connection∇can is called the canonical Atiyah 1-cocycle.
Since Γ(M;F∨ ⊗ EndF) can be identified canonically with Γ(Λ•L∨⊗ SˆB∨⊗B∨⊗EndB), the canonical
Atiyah cocycle is essentially the tensor product of an endomorphism ofB and an element ofΓ(Λ1L∨⊗SˆB∨⊗
Λ1B∨). Therefore, the Berezinian appearing in the expression for the Todd cocycle of ∇can is simply the
classical determinant and the canonical Todd cocycle is
tdcanF := det
(
AtcanF
1− e−AtcanF
)
∈
∏
k>0
Γ(ΛkL∨ ⊗ SˆB∨ ⊗ ΛkB∨). (8)
Similarly,
t˜d
can
F := det
(
AtcanF
e
1
2
AtcanF − e− 12 AtcanF
)
∈
∏
k>0
Γ(ΛkL∨ ⊗ SˆB∨ ⊗ ΛkB∨). (9)
Lemma 1.19. Given any local frame ∂1, · · · , ∂r for B, the canonical Atiyah 1-cocycle AtcanF : F ⊗F → F
of the Fedosov dg Lie algebroid F →M admits the local expression
AtcanF (∂ˆi, ∂ˆj) =
r∑
k=1
∂ˆi(∂ˆjfk) · ∂ˆk, (10)
where the functions fk ∈ C∞(M) are the components of the vector fieldX∇ =
∑r
k=1 fk · ∂ˆk of Theorem A.7
relative to the chosen frame.
Proof. Recall that the coboundary operatorQ on the sections of the Fedosov dg Lie algebroid is the restriction
of the Lie derivative Q = [Q,−] in X(M) with the homological vector field Q ∈ X(M) appearing in
Theorem A.7. We have
AtcanF (∂ˆi, ∂ˆj) = Q(∇can∂ˆi ∂ˆj)−∇
can
Q(∂ˆi)∂ˆj − (−1)
0∇can
∂ˆi
(Q(∂ˆj))
= −∇can
∂ˆi
(Q(∂ˆj)).
Now Q(∂ˆj) = [Q, ∂ˆj ] = −[δ, ∂ˆj ] + [d∇L , ∂ˆj ] + [X∇, ∂ˆj ] and it is easy to show that [δ, ∂ˆj ] = 0. Therefore,
AtcanF (∂ˆi, ∂ˆj) = −∇can∂ˆi ([d
∇
L , ∂ˆj ])−∇can∂ˆi ([X
∇, ∂ˆj ]).
Given local coordinates (x1, . . . , xm) on the base manifoldM ; a local frame η1, . . . , ηl for L; the dual local
frame λ1, . . . , λl for L∨; the local frame ∂1, . . . , ∂r for B; and the dual local frame χ1, . . . , χr for B∨, the
vector field d∇L onM decomposes as the sum
d∇L =
∑
j
ajiλi
∂
∂xj
− 1
2
∑
i,j,k
ckijλiλj
∂
∂λk
−
∑
i,j,k
Γkijλiχj
∂
∂χk
,
where aji = 〈dxj |ρ(ηi)〉, ckij = 〈λk|[ηi, ηj ]〉, and Γkij = 〈χk|∇ηi∂j〉 are functions in C∞(M) encoding the
anchor and the Lie bracket of the Lie algebroid L and the L-connection onB. Therefore, since ∂ˆj = ∂∂χj , we
have [d∇L , ∂ˆj ] =
∑
ik Γ
k
ijλi ·∂ˆk and thus∇can∂ˆi ([d
∇
L , ∂ˆj ]) = 0. Likewise, we have [X∇, ∂ˆj ] = −
∑
k ∂ˆj(fk)·∂ˆk
and thus ∇can
∂ˆi
([X∇, ∂ˆj ]) = −
∑
k ∂ˆi(∂ˆjfk) · ∂ˆk. 
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Proposition 1.20. The quasi-isomorphism
σ\ :
(
Γ(Λ•L∨)⊗R T r,spoly,LQ
)
→
(
Γ(Λ•A∨)⊗R T r,spoly, dBottA
)
of Proposition A.11 takes AtcanF , td
can
F , and t˜d
can
F to R∇1,1, td
∇
L/A, and t˜d
∇
L/A, respectively:
σ\(At
can
F ) = R
∇
1,1, σ\(td
can
F ) = td
∇
L/A, σ\(t˜d
can
F ) = t˜d
∇
L/A.
Proof. It suffices to prove the first statement; the second and third statements are immediate consequences of
the first. Lemma 1.19, together with the natural identification ofΓ(M;F∨ ⊗ EndF)1 withC∞(M)⊗C∞(M)
Γ(B∨ ⊗B∨ ⊗B), implies that
AtcanF =
r∑
i,j,k=1
∂ˆi(∂ˆjfk)⊗ (χi ⊗ χj ⊗ ∂k),
where ∂ˆi(∂ˆjfk) ∈ C∞(M) = Γ(L∨ ⊗ Sˆ(B∨)) and χi ⊗ χj ⊗ ∂k ∈ Γ(B∨ ⊗B∨ ⊗B).
According to TheoremA.7, we haveX∇ =
∑∞
t=2Xt withXt =
∑r
k=1 f
(t)
k ⊗∂k and f (t)k ∈ Γ(L∨⊗St(B∨)).
Moreover, the termX2 decomposes as the sum of h\(R˜∇1,1) =
∑
k f
(1,1)
k ⊗∂k and h\(R∇0,2) =
∑
k f
(0,2)
k ⊗∂k,
where f (1,1)k ∈ Γ(p>(A∨)⊗ S2B∨) and f (0,2)k ∈ Γ(q>(B∨)⊗ S2B∨).
Since ∂ˆi(∂ˆjf
(t)
k ) ∈ Γ(L∨ ⊗ St−2B∨), we have σ
(
∂ˆi(∂ˆjf
(t)
k )
)
= 0 for t > 3. Since ∂ˆi(∂ˆjf (0,2)k ) ∈
Γ(q>(B∨)), we also have σ
(
∂ˆi(∂ˆjf
(0,2)
k )
)
= 0.
Therefore, we obtain
σ\(At
can
F ) = σ\
( r∑
i,j,k=1
∂ˆi(∂ˆjfk)⊗ (χi ⊗ χj ⊗ ∂k)
)
=
r∑
i,j,k=1
σ
( ∞∑
t=2
∂ˆi(∂ˆjf
(t)
k )
)
⊗ (χi ⊗ χj ⊗ ∂k)
=
r∑
i,j,k=1
∂ˆi(∂ˆjf
(1,1)
k )⊗ (χi ⊗ χj ⊗ ∂k)
= 2
r∑
k=1
f
(1,1)
k ⊗ ∂k
= 2h\(R˜
∇
1,1)
= R∇1,1. 
Corollary 1.21. (1) The isomorphism σ\ : H1
(
Γ(M;F∨ ⊗ EndF),Q) → H1CE(A,B∨ ⊗ EndB)
induced by the quasi-isomorphism of Proposition A.11 (for r = 2 and s = 1) takes the Atiyah class
αF of the Fedosov dg Lie algebroid F to the Atiyah class αL/A of the Lie pair (L,A):
σ\(αF ) = αL/A.
(2) The isomorphism σ\ : Hk
(
Γ(M; ΛkF∨),Q)→ HkCE(A,ΛkB∨) induced by the quasi-isomorphism
of Proposition A.11 takes the Todd class of the Fedosov dg Lie algebroid F to the Todd class of the
Lie pair (L,A):
σ\(TdF ) = TdL/A, σ\(T˜dF ) = T˜dL/A.
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2. Formality theorem for Lie pairs
2.1. Statements ofmain theorems. We are ready to state themain theorems of the paper. Let (L,A) be a Lie
pair. According to Theorem A.15 and Theorem A.21, both tot
(
Γ(Λ•A∨)⊗R T •poly
)
and tot
(
Γ(Λ•A∨)⊗R
D•poly
)
are L∞ algebras with dBottA and dUA + dH as their respective unary brackets. Moreover, these L∞
algebra structures are canonical up to L∞ isomorphisms having the identity map as linear part. Furthermore,
their cohomologiesH•CE(A, T •poly) andH•CE(A,D•poly) carry canonical Gerstenhaber algebra structures. The
main result of the paper is the following
Theorem 2.1 (Formality theorem for Lie pairs). Let (L,A) be a Lie pair. Endow the associated graded
vector spaces tot
(
Γ(Λ•A∨) ⊗R T •poly
)
and tot
(
Γ(Λ•A∨) ⊗R D•poly
)
with their inherited L∞ algebras —
see Theorems A.15 and A.21. Then, there exists an L∞ quasi-isomorphism
I : tot (Γ(Λ•A∨)⊗R T •poly)→ tot (Γ(Λ•A∨)⊗R D•poly)
with first Taylor coefficient I1 : tot
(
Γ(Λ•A∨)⊗RT •poly
)→ tot (Γ(Λ•A∨)⊗RD•poly) satisfying the following
two properties:
(1) I1 preserves the associative algebra structures (wedge and cup product, respectively) up to homotopy;
(2) I1 = hkr ◦(td∇L/A)
1
2 , where (td∇L/A)
1
2 ∈⊕k=0 Γ(ΛkA∨⊗ΛkA⊥) acts on tot (Γ(Λ•A∨)⊗R T •poly)
by contraction.
As an immediate consequence, we have the following
Theorem 2.2 (Kontsevich-Duflo type theorem for Lie pairs). Given a Lie pair (L,A), the map
hkr ◦Td
1
2
L/A : H
•
CE(A, T •poly)→ H•CE(A,D•poly)
is an isomorphism of Gerstenhaber algebras — the square root of the Todd class
Td
1
2
L/A ∈
⊕
k=0
HkCE(A,Λ
kA⊥)
acts on H•CE(A, T •poly) by contraction.
To prove Theorem 2.1, we make use of a Fedosov dg Lie algebroid F → M associated with the Lie pair
(L,A) — see [3] and the Appendix for details. As recalled earlier in Section 1.7, a Fedosov dg Lie algebroid
F →M encodes a dg foliation of the Fedosov dg manifold (M, Q) associated with the Lie pair (L,A)
Since a Lie algebroid can be thought of as an extension of the tangent bundle of a manifold, the notions of
polyvector fields and polydifferential operators admit extensions to the context of a Lie algebroid and these
each carry a natural dgla structure [76, 77]. Likewise, the notions of polyvector fields and polydifferential
operators can be extended in a appropriate sense to the context of a dg Lie algebroid. The “polyvector fields”
and “polydifferential operators” associated to a Fedosov dg Lie algebroid F can be viewed geometrically
as polyvector fields and polydifferential operators tangent to the dg foliation on the Fedosov dg manifold
(M, Q). In fact, one can identify the dglas of “polyvector fields” and of “polydifferential operators” on
F to ( tot(Γ(Λ•L∨)⊗R T •poly), [Q,−] , [−,−] ) and ( tot(Γ(Λ•L∨)⊗R D•poly), JQ+m,−K , J−,−K ), re-
spectively, where T •poly denotes the formal polyvector fields and D•poly the formal polydifferential operators
tangent to the fibers of the vector bundle L/A→M .
In fact, according to Corollary A.14 and Corollary A.20, the L∞ structures on tot
(
Γ(Λ•A∨) ⊗R T •poly
)
and tot
(
Γ(Λ•A∨) ⊗R D•poly
)
are indeed obtained by the homotopy transfer from the dgla structures on(
tot(Γ(Λ•L∨) ⊗R T •poly), [Q,−] , [−,−]
)
and
(
tot(Γ(Λ•L∨) ⊗R D•poly), JQ+m,−K , J−,−K ), respec-
tively (see [3]). Therefore, as a key step, we apply Kontsevich formality theorem to the Fedosov dg Lie
algebroid F and establish the following
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Theorem 2.3. There exists an L∞ quasi-isomorphism
Ψ :
(
tot(Γ(Λ•L∨)⊗R T •poly), [Q,−] , [−,−]
)→ ( tot(Γ(Λ•L∨)⊗R D•poly), JQ+m,−K , J−,−K )
from the dgla of “polyvector fields” on F to the dgla of “polydifferential operators” on F with first Taylor
coefficient Ψ1 : tot(Γ(Λ•L∨)⊗RT •poly)→ tot(Γ(Λ•L∨)⊗RD•poly) satisfying the following two properties:
(1) Ψ1 preserves the associative algebra structures (wedge and cup product, respectively) up to homo-
topy;
(2) Ψ1 = hkr ◦(tdcanF )
1
2 , where hkr denotes the natural extension of the fiberwise Hochschild–Kostant–
Rosenberg map T •poly → D•poly and (tdcanF )
1
2 the action of the square root of the canonical Todd
cocycle tdcanF of the Fedosov dg Lie algebroid F on tot(Γ(Λ•L∨)⊗R T •poly) by contraction.
2.2. Kontsevich formality morphism for Lie pairs.
2.2.1. Tangent L∞ algebras. Let g and g′ be two L∞ algebras [46, 38, 65, 16] and let Q and Q′ denote the
corresponding homological vector fields on the associated dg manifolds g[1] and g′[1], respectively. An L∞
morphism U : g → g′ is, by definition, a morphism of dg manifolds g[1] → g′[1], which means that the
homomorphism of algebras U ∗ : C∞(g′[1])→ C∞(g[1]) intertwines the derivations: U ∗ ◦Q′ = Q ◦U ∗.
Such an L∞ morphism U is entirely determined by its so-called ‘Taylor coefficients,’ which are a sequence
(Un)n=1,2,··· of morphisms of graded vector spaces
Un : Λ
ng→ g′[1− n].
A Maurer–Cartan (MC) element of an L∞ algebra (g, Q) is an element ω ∈ g1 (of degree 1) satisfying
∞∑
j=1
1
j!
Qj(ω
j) = 0, (11)
where Qj : Λjg→ g is the j-th bracket and ωj = ω ∧ · · · ∧ ω ∈ Λjg. In particular, the MC elements ω of a
dgla satisfy the classical Maurer–Cartan equation
dω +
1
2
[ω, ω] = 0.
Given a MC element ω of an L∞ structureQ on a graded vector space g, there is a new L∞ algebra structure
Qω on g called tangent L∞ algebra [36]: the Taylor coefficients of Qω satisfy
(Qω)n(γ) =
∞∑
j=0
1
j!
Qn+j(ω
j ∧ γ), ∀γ ∈ Λng. (12)
In general, the convergence of the summations in Equations (11) and (12) is an issue that has to be addressed.
For instance, the summations converge for L∞ algebras equipped with complete (descending) filtrations —
see [22] for more details on this issue. However, if g is a dgla with differential d and Lie bracket [−,−],
the sums are finite and the tangent L∞ algebra is again a dgla with the same bracket but with the modified
differential dω = d+ [ω,−].
We use the symbol Tωg to distinguish the tangent L∞ algebra at ω from the original L∞ algebra g.
Given an L∞ morphism of dglas U : g → g′ and a MC element ω of g, consider the element U (ω) of g′
defined by
U (ω) =
∞∑
j=1
1
j!
Uj(ω
j) (13)
assuming the summation converges. Then U (ω) is a Maurer–Cartan element of g′ and therefore both Tωg
and TU (ω)g′ are dglas. There is a tangent L∞ morphism
Uω : Tωg→ TU (ω)g′
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defined through the relations
(Uω)n(γ) =
∞∑
j=0
1
j!
Un+j(ω
j ∧ γ), ∀γ ∈ Λng. (14)
Provided the summations in the r.h.s. of Equation (14) converge, Uω is a well defined L∞ morphism —
see [21, 22, 23, 36, 78]) for details on the issue of convergence.
2.2.2. Kontsevich formality morphism for kd. In this section, we briefly recall the definition of Kontsevich’s
formality morphism for kd (where k is either R or C), which we need later on. For more details, the reader
may want to refer to Kontsevich’s original paper [36].
Kontsevich’s formality morphism is an L∞ quasi-isomorphism
U : T •poly(kd)→ D•poly(kd)
between the two dglas
(T •poly(kd), 0, [−,−] ) and (D•poly(kd), Jm,−K , J−,−K ). Its ‘Taylor coefficients’ are
of the form
Un =
∑
m>0
∑
Γ∈Gn,m
WΓUΓ, (15)
where Gn,m denotes the set of admissible graphs of type (n,m), WΓ is a number called Kontsevich weight
of the graph Γ, and UΓ is a map which assembles n polyvector fields into a single polydifferential operator
in a way determined by the graph Γ.
We will now describe Gn,m, UΓ, andWΓ successively.
Admissible graphs. A directed graph Γ is a pair of (finite) sets VΓ and EΓ together with two maps s, t :
EΓ → VΓ. The elements of VΓ are called vertices. The elements of EΓ are called edges. Each edge e ∈ EΓ
starts at its source s(e) ∈ VΓ and ends at its target t(e) ∈ VΓ. Given a vertex v ∈ VΓ, we use the symbol
Out(v) to denote the set s−1(v) of all edges starting at v and we use the symbol In(v) to denote the set t−1(v)
of all edges ending at v.
An admissible graph of type (n,m) is a directed graph Γ = (VΓ, EΓ) with labels on its vertices and edges
satisfying the following requirements.
(1) The set of vertices is partitioned into two subsets: VΓ = V 1Γ unionsq V 2Γ . The elements of V 1Γ are called
vertices of the first type or aerial vertices. The elements of V 2Γ are called vertices of the second type
or terrestrial vertices.
(2) For all e ∈ EΓ, s(e) ∈ V 1Γ .
(3) For all e ∈ EΓ, s(e) 6= t(e).
(4) No two edges have the same source and the same target.
(5) The aerial vertices are labelled by the symbols 1, 2, 3, . . . , n while the terrestrial vertices are labelled
by the symbols 1¯, 2¯, 3¯, . . . , m¯.
(6) For every vertex k ∈ V 1Γ of the first type, the elements of Out(k) are labelled by the symbols
e1k, e
2
k, e
3
k, . . . .
Assembling a polydifferential operator from polyvector fields according to an admissible graph. Fix an ad-
missible graph Γ ∈ Gn,m. Each choice of a vertex v ∈ VΓ and a map I : EΓ → {1, · · · , d} determines a
constant differential operator
DvI :=
∏
e∈In(v)
∂
∂xI(e)
on kd. Furthermore, each choice of an aerial vertex k ∈ V 1Γ and a map I : EΓ → {1, · · · , d} determines a
map
T •poly(kd) 3 γ 7→ γI(Out(k)) ∈ C∞(kd)
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through the relation
γI(Out(k)) = 〈dxI(e1k) ⊗ · · · ⊗ dxI(e|Out(k)|k )| alt(γ)〉.
The bundle map alt : Λ•Tkd →
⊗• Tkd is the antisymmetrization
ξ1 ∧ · · · ∧ ξr alt7−→
∑
σ∈Sr
sgn(σ) ξσ(1) ⊗ · · · ⊗ ξσ(r).
The admissible graph Γ with n aerial andm terrestrial vertices provides a recipe for assembling n polyvector
fields γ1, γ2, . . . , γn on kd into anm-differential operator UΓ(γ1, · · · , γn) on kd, as given by
(f1, · · · , fm) UΓ(γ1,··· ,γn)7−−−−−−−−→
∑
I:EΓ→{1,··· ,d}
(
n∏
k=1
DkI
(
γ
I(Out(k))
k
))( m∏
l=1
Dl¯I
(
fl
))
, (16)
for all f1, . . . , fm ∈ C∞(kd). We note that γI(Out(k)) = 0 if γ ∈ T rpoly(kd)with r+1 6= |Out(k)|. Therefore,
UΓ(γ1, · · · , γn) = 0 if γ1, · · · , γn are homogeneous elements of T •poly(kd) and |γ1|+ · · ·+ |γn|+n 6= |EΓ|.
Configuration spaces and their compactifications. The Kontsevich weights are obtained from integrals over
compactified configuration spaces.
Let H+ = {z ∈ C | Im(z) > 0} denote the hyperbolic plane and let H+ denote its closure in C. The group
G2 := R+ nR = {z 7→ az + b | a, b ∈ R, a > 0} acts on the configuration space
Conf+n,m := {(z1, · · · , zn, q1, · · · , qm) ∈ (H+)n × Rm | zi 6= zj if i 6= j ; q1 < · · · < qm}.
The quotient C+n,m = Conf+n,m /G2 is a manifold of dimension 2n+m− 2. Fixing z1 at i =
√−1, we may
identify C+n,m with an open subset of Cn−1 × Rm and transfer the standard orientation of the affine space to
C+n,m.
We now proceed with the compactification of C+n,m.
LetConfn be the space of configurations ofn distinct points z1, z2, . . . , zn inC. The groupG3 := R+nC acts
on Confn by dilations and translations. The quotient Cn := Confn /G3 is a manifold which we embed into
(S1)n(n−1) × (RP2)n(n−1)(n−2) by recording all possible angles arg(zi − zj) and homogeneous coordinate
triples [|zi − zj |: |zj − zk|: |zk − zi|].
Since C+n,m is itself embedded into C2n+m by the map
(z1, · · · , zn, q1, · · · , qm) 7→ (z1, · · · , zn, z1, · · · , zn, q1, · · · , qm),
we obtain an embedding
C+n,m ↪→ C2n+m ↪→ (S1)N1 × (RP2)N2
withN1 = (2n+m)(2n+m−1) andN2 = (2n+m)(2n+m−1)(2n+m−2). The desired compactification
of C+n,m is the closure C+n,m of the image of the above embedding.
Kontsevich weight of an admissible graph. Consider the hyperbolic angle function ϕ : H+ × H+ → S1
defined by ϕ(z, w) = 12pi arg
(
z−w
z−w
)
.
Given an admissible graph Γ ∈ Gn,m, define a function ϕe : C+n,m → S1 for each edge e ∈ EΓ by
ϕe(z1, · · · , zn, z1¯, · · · , zm¯) = ϕ(zs(e), zt(e))
and a differential form κΓ of degree |EΓ| on C+n,m by
κΓ =
∧
e∈EΓ
dϕe,
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where dϕe denotes the pullback of the standard volume on S1 throughϕe. In the exterior product, the 1-forms
are multiplied according to the lexicographic order e11, e21, . . . , e12, e22, . . . of the edges of the graph. Note that
κΓ extends smoothly to C+n,m. Integrating κΓ over the (oriented) compactified configuration space, we obtain
the Kontsevich weight of the graph Γ:
WΓ =
n∏
k=1
1
|Out(k)|!
∫
C+n,m
κΓ.
Obviously, the Kontsevich weight of a graph Γ ∈ Gn,m is zero if |EΓ| 6= dim(C+n,m) = 2n+m− 2.
Kontsevich formality theorem for kd. For all graphs Γ ∈ Gn,m and all homogeneous polyvector fields γ1,
. . . , γn on kd, we know that UΓ(γ1, · · · , γn) is a homogeneous element of degree m − 1 in D•poly(kd) and
that WΓUΓ(γ1, · · · , γn) 6= 0 only when |γ1| + · · · + |γn| + n = |EΓ| = 2n + m − 2. It follows that
Un :
⊗n T •poly(kd)→ D•poly(kd) is a map of degree 1− n.
Consider the case n = 1. There arem! distinct graphsΓ ∈ G1,m satisfying the property |EΓ| = 2·1+m−2 =
m. In each such graph, each one of the m terrestrial vertices is the target of a single edge starting from the
unique aerial vertex. Any two such graphs only differ by the labelling of the m edges. Moreover, all such
graphs have the same weightWΓ = (m!)−2. It follows that the ‘first Taylor coefficient’ U1 of the formality
map is precisely the Hochschild–Kostant–Rosenberg map:
T •poly(kd) U1=hkr−−−−−→ D•poly(kd).
Theorem 2.4 (Kontsevich formality theorem [36]). The maps (Un)∞n=1 defined above are the ‘Taylor coeffi-
cients’ of an L∞ quasi-isomorphism
U : T •poly(kd)→ D•poly(kd)
satisfying the following additional properties.
(1) The first Taylor coefficient of U is the Hochschild–Kostant–Rosenberg map hkr.
(2) The formality morphism U is GL(kd)-equivariant.
(3) For all n > 2 and ξ1, · · · , ξn ∈ T 0poly(kd), we have
Un(ξ1, · · · , ξn) = 0.
(4) Provided ξ is a linear vector field on kd and n > 2, we have
Un(ξ, η2, · · · , ηn) = 0
for all η2, · · · , ηn ∈ T •poly(kd).
Furthermore, the formality morphism U can be defined for kdformal as well.
Remark 2.5. With suitable sign adjustments, Kontsevich’s formality theorem was generalized to Z-graded
manifolds by Cattaneo–Felder [14]. Later, these sign adjustments were given a simple operadic explanation
[75].
2.2.3. Fiberwise formality map. Let (L,A) be a Lie pair over a smooth manifold M . As before, set R =
C∞(M). The quotientB = L/A is a vector bundle overM whose fibers are all (noncanonically) isomorphic
to kd. Next we apply Kontsevich’s formality theorem (essentially) fiberwisely to a Fedosov dg Lie algebroid.
See Section A.2 for the construction of Fedosov dg Lie algebroids.
Since the formality morphism U : T •poly(kdformal) → D•poly(kdformal) is GL(kd)-equivariant (see Theo-
rem 2.4 (2)), there exist R-linear maps
U fn : Λ
nT •poly → D•poly[1− n]
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whose restrictions to each fiber of B →M coincide with the Taylor coefficients
Un : Λ
nT •poly(kdformal)→ D•poly(kdformal)[1− n]
of U . Extending them Γ(Λ•L∨)-linearly, we obtain R-linear maps
U fn : Λ
n tot
(
Γ(Λ•L∨)⊗R T •poly
)→ tot (Γ(Λ•L∨)⊗R D•poly)[1− n].
Consider the difference
ω = Q− d∇L ∈ Γ(L∨)⊗R T 0poly ⊂ T 0poly(L[1]⊕B)
of the derivations Q = −δ + d∇L +X∇ and d∇L of the algebra
Γ(Λ•L∨ ⊗ Sˆ(B∨)) = C∞(L[1]⊕B)
appearing in TheoremA.7. We do not claim thatω is aMC element for any dgla structure on tot(Γ(Λ•L∨)⊗R
T •poly). Nevertheless, we define a sequence (Φn)n=1,2,··· of R-linear maps
Φn : Λ
n
(
tot(Γ(Λ•L∨)⊗R T •poly)
)→ tot(Γ(Λ•L∨)⊗R D•poly)[1− n]
by
Φn(γ) =
∞∑
j=0
1
j!
U fn+j(ω
j ∧ γ), ∀γ ∈ Λn( tot(Γ(Λ•L∨)⊗R T •poly)).
Lemma 2.6. The maps (Φn)∞n=1 are well defined.
Proof. Suppose γk ∈ Γ(Λ•L∨)⊗R T rkpoly for k ∈ {1, 2, · · · , n}. Since
Un+j : Λ
n+jT •poly(kdformal)→ D•poly(kdformal)
is a map of degree 1− (n+ j) and ω ∈ Γ(L∨)⊗T 0poly, we have
U fn+j(ω ∧ · · · ∧ ω︸ ︷︷ ︸
j factors
∧ γ1 ∧ · · · ∧ γn) ∈ Γ(Λ•L∨)⊗R Dr1+···+rn+1−(n+j)poly .
As j increases, r1 + · · ·+ rn + 1− (n+ j) eventually becomes smaller than−1 forcingU fn+j(ω ∧ · · · ∧ω ∧
γ1 ∧ · · · ∧ γn) to vanish. Therefore, only finitely many of the terms of Φn(γ1 ∧ · · · ∧ γn) are not zero. 
Although ω is not a MC element, the maps (Φn)∞n=1 still define an L∞ morphism.
Proposition 2.7. The maps (Φn)∞n=1 are the Taylor coefficients of an L∞ morphism of dglas
Φ :
(
tot(Γ(Λ•L∨)⊗R T •poly), [Q,−] , [−,−]
)→ ( tot(Γ(Λ•L∨)⊗R D•poly), JQ+m,−K , J−,−K).
We will need the following well known lemma.
Lemma 2.8. Let (C, d¯) be a cdga, and U : (g, d, [−,−])→ (g′, d′, [−,−]′) be an L∞ morphism of dglas
(1) Then (C ⊗ g, d¯⊗ id + id⊗d, [−,−]) and (C ⊗ g′, d¯⊗ id + id⊗d′, [−,−]′) are dglas
(2) and the C-linear extension of U
Û : (C ⊗ g, d¯⊗ id + id⊗d, [−,−])→ (C ⊗ g′, d¯⊗ id + id⊗d′, [−,−]′)
is an L∞ morphism of dglas.
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Proof of Proposition 2.7. Choosing a local trivializationB|U ∼= U ×kd of the vector bundleB over an open
subset U ofM yields identifications(
Γ(Λ•L∨)⊗R T •poly
)|U ∼= Γ(U ; Λ•L∨)⊗k T •poly(kdformal)(
Γ(Λ•L∨)⊗R D•poly
)|U ∼= Γ(U ; Λ•L∨)⊗k D•poly(kdformal).
According to Lemma 2.8, the restrictions to U of the maps (U fn )n=1,2,··· constructed earlier are the Taylor
coefficients of an L∞ morphism of dglas(
tot(Γ(U ; Λ•L∨)⊗k T •poly(kdformal)), dL ⊗ idT •poly(kdformal), [−,−]
)
(
tot(Γ(U ; Λ•L∨)⊗k D•poly(kdformal)), dL ⊗ idD•poly(kdformal) + id⊗dH , J−,−K ).
U fU
In the chosen local trivialization B|U ∼= U × kd of the vector bundle B over the open subset U of M , we
may compare Q with the derivation dL ⊗ idk[[χ1,··· ,χd]] of the algebra
Γ(U ; Λ•L∨ ⊗ SˆB∨) ∼= Γ(U ; Λ•L∨)⊗k k[[χ1, · · · , χd]].
Since Q2 = 0, the difference
$ = Q− dL ⊗ id ∈ Γ(U ;L∨)⊗k T 0poly(kdformal)
is a MC element of the dgla
tot
(
Γ(Λ•L∨)⊗R T •poly
)|U ∼= tot (Γ(U ; Λ•L∨)⊗k T •poly(kdformal))
endowed with the differential dL ⊗ idT •poly(kdformal) and the Γ(U ; ΛL
∨)-multilinear extension of the Schouten
bracket on T •poly(kdformal).
Since
U fU ($) =
∞∑
j=1
1
j!
U fj ($
j) by Equation (13)
= U f1 ($) by Theorem 2.4 (3)
= hkr($) by Theorem 2.4 (1)
= $,
we obtain the tangent L∞ morphism of U fU at $:
U fU,$ :
(
tot(Γ(Λ•L∨)⊗R T •poly)|U , [Q,−] , [−,−]
)
→ ( tot(Γ(Λ•L∨)⊗R D•poly)|U , JQ+m,−K , J−,−K ).
Adapting the argument used for Φ in the proof of Lemma 2.6, one can show that the tangent L∞ morphism
U fU,$ is well defined.
Since the map Φn depends only locally on its arguments, we may consider its restriction to the open subset
U ofM . We claim that the n-th Taylor coefficient of the L∞ morphism U fU,$ is the restriction of Φn to U .
Indeed, one easily checks that ω −$ is (the tensor product of a section of L∨ over U with) a linear vertical
vector field on kdformal and it then follows from Theorem 2.4 (4) that, for all γ ∈ Λn
(
tot(Γ(Λ•L∨) ⊗R
T •poly)|U
)
,
Φn(γ) =
∞∑
j=0
1
j!
U fn+j(ω
j ∧ γ) =
∞∑
j=0
1
j!
U fn+j($
j ∧ γ) = (U fU,$)n(γ).
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This shows that (Φn)n=1,2,··· is the sequence of Taylor coefficients of an L∞ morphism
Φ :
(
tot(Γ(Λ•L∨)⊗R T •poly), [Q,−] , [−,−]
)→ ( tot(Γ(Λ•L∨)⊗R D•poly), JQ+m,−K , J−,−K )
defined globally onM . 
Our construction of the L∞ morphism Φ is essentially the same as the one given by Dolgushev in [19] except
that we define its Taylor coefficients Φn globally from the get-go rather than by glueing local data.
2.3. Algebraic homomorphism property. In this section, we sketch a proof why Φ1 is a morphism of
associative algebras up to homotopy. For more details, the reader may want to consult [44, 45, 50, 36, 12].
2.3.1. Kontsevich’s eye. The compactified configuration space C+2,0, which is customarily called ‘Kontse-
vich’s eye,’ is represented in Figure 1. Its boundary admits the following decomposition in strata:
Figure 1. ‘Kontsevich’s eye’
∂(C+2,0) = C2 unionsq C1,1 unionsq C1,1 unionsq C0,2.
The stratum C2 — the pupil of the eye — is reached when the two aerial vertices z1 and z2 merge. The first
copy of C1,1 — the upper eyelid — is reached when the aerial vertex z1 approaches the real line. The second
copy of C1,1 — the lower eyelid — is reached when the aerial vertex z2 approaches the real line. The stratum
C0,2 is made of two points — the corners of the eye. The left corner is reached when the vertices z1 and z2
each approach a distinct point of the real line simultaneously and z1 is the leftmost of the two points. The right
corner is reached when the vertices z1 and z2 each approach a distinct point of the real line simultaneously
and z1 is the rightmost of the two points.
2.3.2. Vanishing lemma. Given a configuration space C+n,m with n > 2, consider the projection pi : C+n,m →
C+2,0, which forgets all but the first two of the n aerial points in H+ and all m points on the real line. More
precisely, consider its continuous extension pi : C+n,m → C+2,0 to the compactified configuration spaces.
Now choose a smooth path ξ : [0, 1]→ C+2,0 starting from a point on the inner boundary of Kontsevich’s eye
and ending at the right corner. The inverse image of ξ([0, 1]) under pi in C+n,m is a compact subspace denoted
Zn,m. Kontsevich assigns a weight
W˜Γ =
n∏
k=1
1
|Out(k)|!
∫
Zn,m
j∗(κΓ)
to each admissible graph Γ ∈ Gn,m. The symbol j denotes the embedding of Zn,m into C+n,m. Since
dimZn,m = 2n+m− 3 and κΓ is an |EΓ|-form, the weight W˜Γ is zero unless |EΓ| = 2n+m− 3.
The following vanishing lemma is analogous to Theorem 2.4 (4).
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Lemma 2.9. If ξ ∈ T 0poly(kd) is a vector field linear on kd and Γ ∈ Gn,m is an admissible graph with n > 3,
then
W˜ΓUΓ(η1, · · · , ηn−1, ξ) = 0
for all η1, · · · , ηn−1 ∈ T •poly(kd).
All ingredients of the proof can be found in Kontsevich’s original paper [36].
Recall the hyperbolic angle function ϕ : H+×H+ → S1 defined by ϕ(z, w) = 12pi arg
(
z−w
z−w
)
. Given a point
z0 of H+, let dϕ(z, z0) denote the pullback to H+ of the standard volume form on S1 through the function
H+ 3 z 7→ ϕ(z, z0) ∈ S1. Likewise let dϕ(z0, z) denote the pullback toH+ of the standard volume form on
S1 through the function H+ 3 z 7→ ϕ(z0, z) ∈ S1.
Lemma 2.10 ([36, Lemmas 7.3, 7.4, and 7.5]). (1) For every pair of distinct points z1 and z2 inH+, we
have ∫
z∈H+r{z1,z2}
dϕ(z1, z) ∧ dϕ(z, z2) = 0.
(2) For every pair of points z1 ∈ H+ and z2 ∈ R = ∂(H+), we have∫
z∈H+r{z1}
dϕ(z1, z) ∧ dϕ(z, z2) = 0.
(3) For every point z0 in H+, we have∫
z∈H+r{z0}
dϕ(z0, z) ∧ dϕ(z, z0) = 0.
Proof of Lemma 2.9. Since ξ ∈ T 0poly(kd), we have ξI(Out(n)) = 0 for all maps I : EΓ → {1, · · · , d} unless
|Out(n)| = 1. Moreover, if |In(n)| > 1, the order of the differential operator DnI is at least two, no matter
which map I : EΓ → {1, · · · , d} is considered. Therefore the function DnI ξI(Out(n)) vanishes since ξ is
linear. Hence UΓ(η1, · · · , ηn−1, ξ) = 0 unless |Out(n)| = 1 and |In(n)| 6 1. We may thus assume without
loss of generality that Out(n) = {e1n} and |In(n)| ∈ {0, 1}.
Let’s assume for now that Out(n) = {e1n} and In(n) = {e′}— we will treat the other case later. Consider
the graph ∆ ∈ Gn−1,m obtained from Γ ∈ Gn,m by removing the n-th aerial vertex n and all the edges starting
or ending at it. We have
κΓ = ±dϕe′ ∧ dϕe1n ∧ F ∗n(κ∆),
where Fn : C+n,m  C+n−1,m is the projection which forgets the n-th aerial point zn of a configuration
(z1, · · · , zn; q1, · · · , qm). Making use of Fubini’s theorem, we obtain
W˜Γ =
∫
Zn,m
j∗(κΓ) = ±
∫
Zn,m
j∗
(
dϕe′ ∧ dϕe1n ∧ F ∗n(κ∆)
)
= ±
∫
Fn(Zn,m)
f · j∗(κ∆),
where f denotes the function on C+n−1,m obtained by integration of the 2-form dϕe′ ∧ dϕe1n along the fibers
of Fn : C+n,m  C+n−1,m. Since
f(z1, · · · , zn−1; z1¯, · · · , zm¯) =
∫
zn∈H+r{z1,··· ,zn−1}
dϕ(zs(e′), zn) ∧ dϕ(zn, zt(e1n)),
it follows from Lemma 2.10 that W˜Γ = 0.
Finally, we turn our attention to the situation where Out(n) = {e1n} and In(n) = ∅. We start with making
two observations.
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(1) For all e ∈ EΓ with e 6= e1n, the aerial vertex n is neither the source nor the target of the edge e
and, consequently, the function ϕe : C+n,m → S1 is constant along the fibers of the projection Fn :
C+n,m  C+n−1,m which forgets the n-th aerial point zn of a configuration (z1, · · · , zn; q1, · · · , qm).
(2) Each fiber of the projection Fn : C+n,m  C+n−1,m is diffeomorphic to H+ punctured at n− 1 points
and is foliated by its intersections with the level sets of the function ϕe1n : C
+
n,m → S1. In other
words, C+n,m is foliated by the fibers of Fn, which are themselves foliated by curves along which the
function ϕe1n is constant. Obviously, the subspace Zn,m of C
+
n,m is a union of such curves.
It follows from these observations thatZn,m is foliated by curves along which all functionsϕe for all edges e ∈
EΓ are constant. Therefore, the component of the form j∗(
∧
e∈EΓ dϕe) of degree dim(Zn,m) = 2n+m− 3
vanishes. Hence W˜Γ =
∫
Zn,m
j∗(κΓ) = 0. 
2.3.3. Homotopy operator. For every admissible graph Γ ∈ Gn,m, the operator
UΓ : T •poly(kdformal)⊗n → Dm−1poly (kdformal)
defined by Equation (16) is GLd(k)-equivariant. Therefore there exists an R-linear map
U fΓ :
(
T •poly
)⊗n → Dm−1poly
whose restrictions to each fiber of B → M coincide with UΓ. Extending the latter Γ(Λ•L∨)-multilinearly,
we obtain an R-linear operator
U fΓ : (Γ(Λ
•L∨)⊗R T •poly)⊗n → Γ(Λ•L∨)⊗R Dm−1poly .
Using the maps U fΓ , the weights W˜Γ, and the difference
ω = Q− d∇L ∈ Γ(L∨)⊗R T 0poly
of the derivations Q and d∇L appearing in Theorem A.7, we define an operator
H :
(
Γ(Λ•L∨)⊗R T •poly
)× (Γ(Λ•L∨)⊗R T •poly)→ Γ(Λ•L∨)⊗R D•poly
by
H(α, β) =
∑
n>0
m>0
1
n!
∑
Γ∈G2+n,m
(−1)m+1W˜ΓU fΓ (α, β, ω, · · · , ω︸ ︷︷ ︸
n arguments
). (17)
Note that since ω has “exterior degree” 1, the polydifferential operator U fΓ (α, β,
n arguments︷ ︸︸ ︷
ω, · · · , ω) vanishes when
n > rk(L). Furthermore, the coefficient W˜Γ vanishes for m large enough. Therefore, the summation (17)
involves only finitely many nonzero terms and the operator H is indeed well-defined
Proposition 2.11. For all α ∈ (Γ(Λ•L)⊗T apoly) and β ∈ (Γ(Λ•L)⊗T bpoly), we have
Φ1(α ∪ β)− Φ1(α) ∪ Φ1(β) = JQ+m,H(α, β)K−H( [Q,α] , β)− (−1)aH(α, [Q, β] ).
Sketch of proof. Recall from the proof of Theorem 2.7 that, although ω is not a Maurer–Cartan element, its
restriction to any open subset of the manifoldM over which the vector bundle B is trivial is equal to the sum
of a Maurer–Cartan element and a linear vector field. It follows from Lemma 2.9, the definitions and locality
of Φ1 andH that, for the purpose of this proof, ω may be treated as if it were a Maurer–Cartan element. The
rest of the proof is then virtually identical to a difficult computation due to Manchon and Torossian [44, 45,
Théorème 4.6] — see also Mochizuki’s work [50, Equation 56]. There is only one significant difference
with [44, 45, Théorème 4.6]: their Poisson bivector ~γ must be replaced by our vector field ω. This is
responsible for the discrepancy in the number of edges of the admissible graphs appearing here and in [44, 45,
Théorème 4.6]. 
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Remark 2.12. The operatorH defined above, which is implicit in [44, 45, Théorème 4.6] and [50, Equation
56], was made explicit in [12, Proposition 9.1].
2.4. Explicit formula for Φ1. Consider the first ‘Taylor coefficient’
tot
(
Γ(Λ•L∨)⊗R T •poly
) Φ1−→ tot (Γ(Λ•L∨)⊗R D•poly)
of the L∞ morphism Φ constructed in Section 2.2.3.
In this section, we prove the following
Proposition 2.13. The map Φ1 : tot(Γ(Λ•L∨)⊗RT •poly)→ tot(Γ(Λ•L∨)⊗RD•poly) is the modification of
the Hochschild–Kostant–Rosenberg map by (the square root of) the canonical Todd cocycle:
Φ1 = hkr ◦(t˜dcanF )
1
2 .
Suppose that an open subsetU ofM diffeomorphic toRm is the domain of a coordinate chart ofM over which
the vector bundles L and B are trivial. The algebra of functions of the graded manifold V = Rm ⊕ kr|lformal
obtained by restriction of the Fedosov dg manifoldM to the support U is
C∞(V) = C∞(Rm)⊗ Sˆ((kr ⊕ kl[1])∨).
Here m is the dimension of the manifoldM while r is the rank of the vector bundle B and l is the rank of
the vector bundle L.
There are natural injections
C∞(Rm × k0|lformal)⊗ T 0polykr|0formal
X(Rm × k0|lformal) X(V).
The restriction of the Fedosov homological vector field Q ∈ X(M) to U is the sum
Q = dL +$
of dL ∈ X(Rm × k0|lformal) and $ ∈ C∞(Rm × k0|lformal)⊗ T 0polykr|0formal as observed in Section 2.2.3.
Lemma 2.14. The sum Q = Q1 + Q2 of two vector fields Q1 ∈ X(Rm × k0|lformal) ⊂ X(V) and Q2 ∈
C∞(Rm × k0|lformal) ⊗ T 0polykr|0formal ⊂ X(V) is a homological vector field on V = Rm ⊗ kr|lformal if and only
if (1) Q1 is a homological vector field on Rm × k0|lformal (i.e. Q1 is of degree +1 and Q21 = 0) and (2) Q2
satisfies the Maurer–Cartan equation LQ1Q2 + 12 [Q2, Q2] = 0.
Moreover, in this case, (C∞(Rm× k0|lformal), Q1) is a cdga andQ2 is a MC element in C∞(Rm× k0|lformal)⊗T •poly(krformal) endowed with its L∞ algebra structure determined by Q1 and T •poly(krformal).
According to Vaı˘ntrob [71], Condition (1) in Lemma 2.14 above means that the trivial vector bundle Rm ×
kl → Rm carries a Lie algebroid structure.
It follows from Lemma 2.14 that
(
C∞(Rm × k0|lformal), dL
)
is a cdga and $ is a Maurer–Cartan element of
the dgla C∞(Rm × k0|lformal)⊗ T •polykr|0formal determined by the differential dL ⊗ idT 0polykr|0formal = LdL and the
restriction of the Schouten bracket in T •polyV .
In Section 2.2.3, we proved that Φ1 depends only locally on its arguments and that its restriction to U is
C∞(Rm × k0|lformal)⊗ T •poly(krformal)
(
U fU,$
)
1−−−−−→ C∞(Rm × k0|lformal)⊗D•poly(krformal),
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which is the first Taylor coefficient of the tangent L∞ morphism to U fU at the Maurer–Cartan element $.
Therefore, to establish Proposition 2.13, it suffices to prove that(
U fU,$
)
1
= hkr ◦(t˜dcanF|U ) 12
in every coordinate chart U ofM over which the vector bundles B and L are trivial.
Note that the dglas C∞(Rm × k0|lformal) ⊗ T •poly(krformal) and C∞(Rm × k0|lformal) ⊗ D•poly(krformal), the
restrictions of tot(Γ(Λ•L∨) ⊗R T •poly) and tot(Γ(Λ•L∨) ⊗R D•poly) over U , are dg Lie subalgebras of(T •polyV, [Q,−] , [−,−] ) and (D•polyV, JQ+m,−K , J−,−K ), respectively.
Now, consider the Kontsevich formality L∞ quasi-isomorphism
(T •polyV, 0, [−,−]) U
V−−→ (D•polyV, Jm,−K , J−,−K)
devised for V = Rm × kr|lformal in [14, Appendix].
Since [Q,Q] = 0, the vector field Q ∈ T 0polyV is a Maurer–Cartan element of the dgla T •polyV and we can
consider the tangent L∞ morphism U VQ defined by Equation (14). Since Q is a vector field, it follows from
Theorem 2.4 (4) thatU V(Q) = Q ∈ D0polyV , whereU V(Q) is given by the graded version of Equation (13)
as in [14]. Hence we obtain the L∞ morphism
(T •polyV, [Q,−] , [−,−])
U VQ−−→ (D•polyV, JQ+m,−K , J−,−K).
Lemma 2.15. In the category of cochain complexes of k-modules, the diagram
(T •poly(V), [Q,−] ) (D•poly(V), JQ+m,−K )
C∞(Rm × k0|lformal)⊗ T •polykrformal C∞(Rm × k0|lformal)⊗D•polykrformal
(
U VQ
)
1
I
(
U fU,$
)
1
I
is commutative.
Proof. Let γ ∈ C∞(Rm × k0|lformal)⊗ T kpolykrformal be a (k + 1)-vector field. It follows from Equations (14),
(15), and (16) that (
U VQ
)
1
(γ) =
∞∑
j=0
1
j!
U V1+j(Q ∧ · · · ∧Q ∧ γ)
=
∞∑
j=0
1
j!
∑
m>0
∑
Γ∈G1+j,m
WΓU
V
Γ (Q ∧ · · · ∧Q ∧ γ)
and (
U fU,$
)
1
(γ) =
∞∑
j=0
1
j!
(
U fU
)
1+j
($ ∧ · · · ∧$ ∧ γ)
=
∞∑
j=0
1
j!
U V1+j($ ∧ · · · ∧$ ∧ γ)
=
∞∑
j=0
1
j!
∑
m>0
∑
Γ∈G1+j,m
WΓU
V
Γ ($ ∧ · · · ∧$ ∧ γ).
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Therefore, sinceQ = dL+$, it suffices to prove that, providedX1, X2, . . . , Xj ∈ {dL, $} andXp = dL for
at least one p ∈ {1, 2, . . . , j}, the expressionWΓU VΓ (X1 ∧X2 ∧ · · · ∧Xj ∧ γ) vanishes for all Γ ∈ Gj+1,m.
Given a graph Γ ∈ G1+j,m, we know that
• WΓ = 0 if |EΓ| 6= 2j +m;
• UΓ(X1, · · · , Xj , γ) = 0 if |EΓ| 6= j + k + 1;
• and UΓ(X1, · · · , Xj , γ) = 0 if the number of edges starting from the (j + 1)-th aerial vertex is
different from k + 1 (since γ is a (k + 1)-vector field).
Therefore, ifΓ ∈ G1+j,m, we haveWΓUΓ(X1, · · · , Xj , γ) = 0 unless |Out(vj+1)| = k+1 = j+m. In other
words, since (j+ 1) +m is the total number of vertices of the graph Γ, we haveWΓUΓ(X1, · · · , Xj , γ) = 0
unless a single edge runs from the (j + 1)-th aerial vertex of Γ to each one of the other j +m vertices of Γ.
However, if an edge e′ of Γ starts at the (j + 1)-th aerial vertex vj+1 (the aerial vertex corresponding to γ)
and ends at vp (the aerial vertex corresponding to Xp = dL), the factor D
vp
I (X
I(Out(p))
p ) appearing in each
term of the expansion (16) ofUΓ(X1, · · · , Xj , γ) must vanish. Indeed,DvpI is a composition of one or more
partial derivatives w.r.t. the coordinates on krformal containing
∂
∂xI(e′)
at the very least, while XI(Out(p))p =
(dL)
I(Out(p)) is a function in the subalgebra C∞(Rm × k0|lformal) of C∞(V).
The proof is complete. 
The following theorem was first announced by Shoikhet in [62]. We refer the interested reader to [63] for
more details.
Theorem 2.16 (Kontsevich–Shoikhet [62]). The first ‘Taylor coefficient’
(
U VQ
)
1
: T •polyV → D•polyV of the
tangent L∞ quasi-isomorphism U VQ is the modification(
U VQ
)
1
= hkr ◦(t˜dtrivialTV ) 12
of the Hochschild–Kostant–Rosenberg map by (the square root of) the Todd cocycle t˜d
trivial
TV ∈
∏∞
k=0 Ω
k(V)
of the dg manifold (V, Q) associated with the trivial connection as in Example 1.17. The Todd cocycle acts
on T •polyV by contraction.
The Todd cocycle t˜d
trivial
TV can be expressed in terms of the scalar Atiyah cocycles str
(
(AttrivialTV )
s
) ∈ Γ(ΛsT∨V ),
which are related to the scalar Atiyah cocycles tr
(
(AtcanF|U )
s
) ∈ Γ(ΛsF|∨U ) of the restriction F|U of the Fe-
dosov dg Lie algebroid in the following way:
Lemma 2.17. For all s ∈ N, we have
tr
(
(AtcanF|U )
s
)
= I > str
(
(AttrivialTV )
s
)
,
where I > is the transpose of the bundle map I : ΛsF|U ∼= V × Λskr|0formal ↪→ V × ΛsV ∼= ΛsTV .
Proof. Let U (x1,...,xm)−−−−−−→ Rm be a local chart ofM .
Let ∂1, . . . , ∂r be a local frame for B →M over U and let χ1, . . . , χr be the dual local frame for B∨ →M .
Likewise, let η1, . . . , ηl be a local frame for L → M over U and let λ1, . . . , λl be the dual local frame for
L∨ →M with the degree shift: |λj | = 1.
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The restrictions to U of the anchor map ρ : L → TM , the Lie bracket on Γ(L), the bundle map q : L → B,
and the L-connection∇ on B admit local expressions
ρ(ηj) =
m∑
i=1
ρij
∂
∂xi
[ηi, ηj ] =
l∑
k=1
ckijηk
q(ηj) =
r∑
i=1
qij∂i ∇ηi∂j =
r∑
k=1
Γkij∂k
where ρij , ckij , qij , and Γkij are functions of the coordinates x1, . . . , xm.
Then (z1, . . . , zm+l+r) = (x1, . . . , xm, λ1, . . . , λl, χ1, . . . , χr) are coordinates on V = Rm× kr|lformal whose
degrees are
|xi| = 0, |λj | = 1, |χk| = 0,
for i ∈ {1, · · · ,m}, j ∈ {1, · · · , l}, and k ∈ {1, · · · , r}. The homological vector field on V is the sum
Q = −δ + d∇L +X∇ of
δ =
r∑
k=1
l∑
j=1
qkjλj
∂
∂χk
,
d∇L =
m∑
j=1
l∑
i=1
ρjiλi
∂
∂xj
− 1
2
l∑
i,j,k=1
ckijλiλj
∂
∂λk
−
l∑
i=1
r∑
j,k=1
Γkijλiχj
∂
∂χk
,
and
X∇ =
r∑
k=1
fk
∂
∂χk
.
Let zˆ1, · · · , zˆm+l+r be the local frame of T∨V dual to ∂∂z1 , · · · , ∂∂zm+l+r . This local frame is essentially
dz1, · · · , dzm+l+r, but they have different degrees: |zˆi| = |dzi| − 1 = |zi|. It follows from Lemma 1.19
that
AtcanF|U =
r∑
i,j,k=1
∂2fk
∂χi∂χj
χˆi ⊗
(
χˆj ⊗ ∂
∂χk
)
(18)
and from Example 1.17 that the Atiyah 1-cocycle of the dg Lie algebroid TV associated with the trivial
connection∇trivial∂
∂zi
∂
∂zj
= 0 is
AttrivialTV =
m+l+r∑
i,j,k=1
(−1)|zi|+|zj |∂
2
(
Q(zk)
)
∂zi∂zj
zˆi ⊗
(
zˆj ⊗ ∂
∂zk
)
.
Then, we have
(
I > ⊗ id )(AttrivialTV ) = r∑
i=1
m+l+r∑
j,k=1
(−1)|zj |∂
2
(
Q(zk)
)
∂χi∂zj
χˆi ⊗
(
zˆj ⊗ ∂
∂zk
)
.
Since Q(xk) =
∑l
i=1 ρkiλi and the functions ρki depend on the x-coordinates only, we have
∂2
(
Q(xk)
)
∂χi∂zj
= 0.
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Since Q(λk) = −12
∑l
i,j=1 c
k
ijλiλj and the functions ckij depend on the x-coordinates only, we have
∂2
(
Q(λk)
)
∂χi∂zj
= 0.
Since Q(χk) = −
∑l
j=1 qkjλj −
∑
i,j Γ
k
ijλiχj + fk, the functions qkj and Γ
j
ik depend on the x-coordinates
only, we have
∂2
(
Q(χk)
)
∂χi∂χj
=
∂2fk
∂χi∂χj
.
Therefore, the matrix representation of
(
I > ⊗ id )(AttrivialTV ) with respect to the frame ( ∂∂z1 , · · · , ∂∂zm+l+r )
is (
I > ⊗ id )(AttrivialTV ) =
0 0 ∗0 0 ∗
0 0 ∂
2fk
∂χi∂χj
χˆi
 . (19)
It follows from Equations (18) and (19) that
tr
(
(AtcanF|U )
s
)
= str
(
((I > ⊗ id)(AttrivialTV ))s
)
= I > str
(
(AttrivialTV )
s
)
,
which concludes the proof. 
Since the Todd cocycle can be expressed in terms of scalar Atiyah cocycles, we have the following immediate
corollary.
Corollary 2.18. The diagram
T •poly(V) T •poly(V)
C∞(Rm × k0|lformal)⊗ T •polykrformal C∞(Rm × k0|lformal)⊗ T •polykrformal
t˜d
trivial
TV
I
t˜d
can
F|U
I
commutes.
Here t˜d
can
F|U ∈
∏∞
k=0C
∞(Rm × k0|lformal) ⊗ Ωk(kr|0formal) is the Todd cocycle of the restriction to U of the
Fedosov Lie algebroid F associated with the canonical connection while t˜dtrivialTV ∈
∏∞
k=0 Ω
k(V) is the Todd
cocycle of the dg manifold (V, Q) associated with the trivial connection as in Example 1.17.
The Todd cocycles act by contraction on the spaces of polyvector fields.
Finally we have
I ◦ (U fU,$)1 = (U VQ )1 ◦I (by Lemma 2.15)
= hkr ◦(t˜dtrivialTV ) 12 ◦I (by Theorem 2.16)
= hkr ◦I ◦ (t˜dcanF|U ) 12 (by Corollary 2.18)
= I ◦ hkr ◦(t˜dcanF|U ) 12
Therefore, in every coordinate chart U ofM over which the vector bundles B and L are trivial, we have(
U fU,$
)
1
= hkr ◦(t˜dcanF|U ) 12 .
The proof of Proposition 2.13 is complete.
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2.5. Proof of Theorem 2.3. The difference between Equations (9) and (8) is the factor e 12 tr AtcanF . We start
with considering tr AtcanF ∈ Γ(F∨)1.
Lemma 2.19. We have
tr AtcanF = dF (divX
∇),
where divX∇ ∈ C∞(M) = Γ(L∨ ⊗ SˆB∨) is the divergence of the formal vertical vector field X∇. More
explicitly, divX∇ =
∑
k ∂ˆkfk.
Proof. By Equation (10),
tr AtcanF =
r∑
i,k=1
∂ˆi(∂ˆkfk)χi = dF (divX∇). 
Furthermore, one has the following lemma.
Lemma 2.20. Let A → M be a dg Lie algebroid. Let Q denote the endomorphism of Γ(A) induced
by the dg structure of A, and let dA denote the Chevalley–Eilenberg differential. If ξ ∈ Γ(A∨) satisfies
dAξ = 0 and Qξ = 0, then the contraction with ξ is a derivation of the differential Gerstenhaber algebra(
Γ(Λ•A), [−,−],Q).
Applying Lemma 2.20 to the Fedosov dg Lie algebroid F and the section tr (AtcanF ) of F∨ and noting that
Γ(Λ•F) ∼= tot (Γ(Λ•L∨)⊗R T •poly) and Q = [Q,−], we obtain
Corollary 2.21. (1) The contraction by tr AtcanF is a derivation of the differential Gerstenhaber algebra
tot
(
Γ(Λ•L∨)⊗R T •poly
)
.
(2) The contraction by e
1
2
tr AtcanF is an automorphism of the differential Gerstenhaber algebra tot
(
Γ(Λ•L∨)⊗R
T •poly
)
.
Let Ψ be the composition of the contraction operator e
1
2
tr AtcanF , which is an automorphism of the dgla
tot(Γ(Λ•L∨)⊗R T •poly) according to Corollary 2.21, with the L∞ morphism
Φ : tot(Γ(Λ•L∨)⊗R T •poly)→ tot(Γ(Λ•L∨)⊗R D•poly)
constructed in Proposition 2.7. It follows from Proposition 2.13 that the first Taylor coefficient of the L∞
morphism Ψ is
Ψ1 = Φ1 ◦ e 12 tr AtcanF = hkr ◦(t˜dcanF )
1
2 ◦ e 12 tr AtcanF = hkr ◦(tdcanF )
1
2 .
To conclude the proof, we need the following lemma which follows from a straightforward computation.
Lemma 2.22. The diagram
tot
(
Γ(Λ•L∨)⊗R T •poly
)
tot
(
Γ(Λ•L∨)⊗R D•poly
)
tot
(
Γ(Λ•A∨)⊗R T •poly
)
tot
(
Γ(Λ•A∨)⊗R D•poly
)
hkr
σ\ σ\
hkr
commutes.
Together with Theorem 1.14, Theorem A.12 and Theorem A.19, Lemma 2.22 implies that the cochain map
hkr :
(
tot(Γ(Λ•L∨)⊗R T •poly), [Q,−]
)→ ( tot(Γ(Λ•L∨)⊗R D•poly), JQ+m,−K )
and thus Ψ1 = hkr ◦(tdcanF )
1
2 as well are quasi-isomorphisms. The proof of Theorem 2.3 is thus complete.
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2.6. Proof of Theorem 2.1. The following result is an immediate consequence of Proposition 1.20.
Corollary 2.23. The diagram
tot
(
Γ(Λ•L∨)⊗R T •poly
)
tot
(
Γ(Λ•L∨)⊗R T •poly
)
tot
(
Γ(Λ•A∨)⊗R T •poly
)
tot
(
Γ(Λ•A∨)⊗R T •poly
)
(tdcanF )
1
2
σ\ σ\
(td∇L/A)
1
2
commutes.
According to Theorem A.12, we have a contraction(
tot
(
Γ(Λ•A∨)⊗R T •poly
)
, dBottA
) (
tot
(
Γ(Λ•L∨)⊗R T •poly
)
,LQ
)τ˘\
σ\
h˘\ .
The r.h.s. tot
(
Γ(Λ•L∨)⊗RT •poly
)
is a dgla while the l.h.s. tot
(
Γ(Λ•A∨)⊗RT •poly
)
inherits anL∞ structure
from the dgla structure of the r.h.s. by homotopy transfer theorem of L∞ algebras [5, 33, 29, 2, 28, 6, 21, 22].
Lemma 2.24 (Homotopy transfer of L∞ structures [2, Theorem 1.9]). Let (C,ð) and (K, d) be two cochain
complexes and let
(C,ð) (K, d)
τ
σ
h
be a contraction of (K, d) onto (C,ð). Given an L∞ algebra structure onK (with d as unary bracket), there
exists a ‘transferred’ L∞ algebra structure on C and a pair of L∞ quasi-isomorphisms T : C → K and
Σ : K → C having the chain maps τ and σ as respective first Taylor coefficients.
Lemma 2.24 asserts the existence of an L∞ quasi-isomorphism T˘\ having τ˘\ as first Taylor coefficient.
According to Theorem A.19, there is also a contraction(
tot
(
Γ(Λ•A∨)⊗R D•poly
)
, dUA + dH
) (
tot
(
Γ(Λ•L∨)⊗R D•poly
)
, JQ+m,−K)τ˘\
σ\
h˘\ .
Again, the l.h.s. inherits an L∞ structure from the dgla structure of the r.h.s. by homotopy transfer. Lem-
ma 2.24 asserts the existence of an L∞ quasi-isomorphism Σ\ having σ\ as first Taylor coefficient.
Consider the L∞ quasi-isomorphism
I : tot (Γ(Λ•A∨)⊗R T •poly)→ tot (Γ(Λ•A∨)⊗R D•poly)
obtained as the composition
I = Σ\ ◦Ψ ◦ T˘\
of the L∞ quasi-isomorphism Ψ : tot
(
Γ(Λ•L∨) ⊗R T •poly
) → tot (Γ(Λ•L∨) ⊗R D•poly) of Theorem 2.3
with the L∞ quasi-isomorphisms T˘\ and Σ\:
tot
(
Γ(Λ•L∨)⊗R T •poly
)
tot
(
Γ(Λ•L∨)⊗R D•poly
)
tot
(
Γ(Λ•A∨)⊗R T •poly
)
tot
(
Γ(Λ•A∨)⊗R D•poly
)
.
Ψ
Σ\T˘\
I
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Its first Taylor coefficient is
I1 = (Σ\)1 ◦Ψ1 ◦ (T˘\)1
= σ\ ◦(hkr ◦(tdcanF )
1
2 ) ◦ τ˘\ (by Theorem 2.3)
= hkr ◦σ\ ◦(tdcanF )
1
2 ◦ τ˘\ (by Lemma 2.22)
= hkr ◦(td∇L/A)
1
2 ◦ σ\ ◦ τ˘\ (by Corollary 2.23)
= hkr ◦(td∇L/A)
1
2
This concludes the proof of Theorem 2.1.
3. Applications
3.1. Complex manifolds. LetX be a complex manifold. Then TX ⊗C ∼= T 0,1X ./ T 1,0X is a matched pair of
Lie algebroids (see Section A.1 or [51] for the definition of matched pairs). Hence (TX ⊗ C, T 0,1X ) is a Lie
pair with quotient T 1,0X . The flat T
0,1
X -connection on T
1,0
X — the Bott connection— encodes the holomorphic
vector bundle structure of T 1,0X ; the sections of T
1,0
X which are flat w.r.t. the T
0,1
X -connection are precisely the
holomorphic sections of T 1,0X . In other words, the Chevalley–Eilenberg differential associated with the Bott
representation of the Lie pair (TX ⊗ C, T 0,1X ) is the Dolbeault operator
∂¯ : Ω0,•(T 1,0X )→ Ω0,•+1(T 1,0X ).
3.1.1. Atiyah and Todd classes of complex manifolds. A torsion-free TX⊗C-connection∇ on T 1,0X extending
the Bott T 0,1X -connection is necessarily the sum ∇ = ∂¯ + ∇1,0 — more precisely d∇ = ∂¯ + d∇
1,0 —
of the Dolbeault operator and a torsion-free T 1,0X -connection ∇1,0 on T 1,0X , i.e. a C-bilinear map ∇1,0 :
Γ(T 1,0X )× Γ(T 1,0X )→ Γ(T 1,0X ) satisfying the usual connection axioms and the condition
∇XY −∇YX = [X,Y ], ∀ X,Y ∈ Γ(T 1,0X ).
The Atiyah cocycle associated with such a connection∇ is the element R∇1,1 ∈ Ω1,1
(
End(T 1,0X )
)
defined by
R∇1,1(a; b) = ∇a∇b −∇b∇a −∇[a,b], ∀ a ∈ Γ(T 0,1X ), b ∈ Γ(T 1,0X ).
Its cohomology class αX ∈ H1,1
(
X,End(T 1,0X )
)
is independent of the choice of the connection ∇ and is
precisely the Atiyah class of the complex manifold X .
The Todd cocycle associated with the connection∇ is
td∇X = det
(
R∇1,1
1− e−R∇1,1
)
∈
∞⊕
k=0
Ωk,0
(
Λk(T 0,1X )
∨) ∼= ∞⊕
k=0
Ωk,k(X).
Its cohomology class
TdX = det
(
αX
1− e−αX
)
∈
∞⊕
k=0
Hk
(
X,Λk(T 0,1X )
∨) ∼= ∞⊕
k=0
Hk,k(X).
is independent of the choice of the connection∇ and is called the Todd class of the complex manifold X .
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3.1.2. Polyvector fields and polydifferential operators on complex manifolds. Since T 0,1X ./ T
1,0
X is a matched
pair, it follows from Corollary A.14 that Ω0,•
(
X, T •poly(X)
)
is a differential Gerstenhaber algebra with the
Dolbeault operator ∂¯ : Ω0,•
(
X, T •poly(X)
) → Ω0,•+1(X, T •poly(X)) as differential, the wedge product as
associative multiplication and the natural extension (see Equation (23))
[ξ1 ⊗ b1, ξ2 ⊗ b2] = ξ1 ∧ ξ2 ⊗ [b1, b2] + ξ1 ∧∇Bottb1 ξ2 ⊗ b2 −∇Bottb2 ξ1 ∧ ξ2 ⊗ b1,
∀ ξ1, ξ2 ∈ Ω0,•(X), b1, b2 ∈ Γ(T 1,0X ),
of the Lie bracket on Γ(T 1,0X ) as graded Lie bracket.
Similarly, Ω0,•
(
X,D•poly(X)
)
is a dgla and its cohomology is a Gerstenhaber algebra (Corollary A.20). Here
the differential is ∂¯+ dH , where ∂¯ : Ω0,•(X,D•poly(X))→ Ω0,•+1(X,D•poly(X)) is the Dolbeault operator,
while the associative multiplication and the graded Lie bracket are given by Proposition A.4.
Note that
(
Ω0,•(X, T •poly(X)), ∂¯
)
is the Dolbeault resolution of the complex of sheaves
0→ OX 0−→ ΘX 0−→ Λ2ΘX 0−→ Λ3ΘX → · · ·
of holomorphic polyvector fields overX , while
(
Ω0,•(X,D•poly(X)), ∂¯+ dH
)
is the Dolbeault resolution of
the complex of sheaves
0→ OX → DX dH−−→ D⊗2X
dH−−→ D⊗3X → · · ·
of holomorphic polydifferential operators over X .
As a result, for the Lie pair (L = TX ⊗ C, A = T 0,1X ), the cohomology
H•CE(A, T •poly) = H(
(
Ω0,•(X, T •poly(X)), ∂¯
)
is isomorphic to the sheaf cohomology H•sheaf(X,Λ•ΘX) while the cohomology
H•CE(A,D•poly) = H•
(
Ω0,•(X,D•poly(X)), ∂¯ + dH
)
is isomorphic to the Hochschild cohomology HH•(X) ∼= Ext•OX×X (O∆,O∆) (see [13, 59, 58]) of the
complex manifold X .
3.1.3. Formality theorem for complex manifolds. Theorems 2.1 and 2.2 imply the following two theorems.
Theorem 3.1 (Formality theorem for complex manifolds). LetX be a complex manifold. Choose a torsion-
free T 1,0X -connection∇1,0 on T 1,0X . There exists an L∞ quasi-isomorphism
I : Ω0,•(X, T •poly(X))→ Ω0,•(X,D•poly(X))
with first Taylor coefficient I1 satisfying the following two properties:
• I1 preserves the associative algebra structures up to homotopy;
• I1 = hkr ◦
(
td∂¯+∇
1,0
X
) 1
2 , where the square root of the Todd cocycle td∂¯+∇
1,0
X ∈
⊕
k=0 Ω
k,k(X) acts
on Ω0,•
(
X, T •poly(X)
)
by contraction.
Theorem 3.2 (Kontsevich-Duflo theorem for complex manifolds). For every complex manifoldX , the com-
position
hkr ◦(TdX) 12 : H•sheaf(X,Λ•TX)→ HH•(X)
is an isomorphism of Gerstenhaber algebras. It is understood that the square root of the Todd class
TdX ∈
⊕
k=0
Hk,k(X) ∼= Hksheaf(X,ΩkX)
acts on H•sheaf(X,Λ•TX) by contraction.
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The Kontsevich-Duflo theorem for complex manifolds is due to Kontsevich [36] (for associative algebra struc-
tures). See [12] for a detailed proof including Gerstenhaber algebra structures. See [9, 10] for further devel-
opments.
3.2. Lie algebra pairs. A Lie algebra pair is a Lie pair (g, h), where g is a finite-dimensional Lie algebra
and h is a Lie subalgebra of g.
3.2.1. Atiyah and Todd classes of Lie algebra pairs. A g-connection on g/h is simply a bilinear map ∇ :
g× g/h→ g/h. Its torsion is the linear map T∇ : Λ2g→ g/h defined by
T∇(X,Y ) = ∇Xq(Y )−∇Y q(X)− q([X,Y ]), ∀ X,Y ∈ g.
The map q : g→ g/h is the canonical projection.
Let ∇ be a g-connection on g/h which extends the Bott h-connection: ∇Botta q(l) = q([a, l]), for all a ∈ h
and l ∈ g. The Atiyah cocycle associated with∇ is the bilinear map
R∇1,1 : h⊗ g/h→ End(g/h)
defined by
R∇1,1(a; q(l)) = ∇a∇l −∇l∇a −∇[a,l], ∀ a ∈ h, l ∈ g.
According to Proposition 1.6, the element R∇1,1 ∈ h∨ ⊗ h⊥ ⊗ End(g/h) is a Chevalley–Eilenberg 1-cocycle
for the Lie algebra hwith values in the h-module h⊥⊗End(g/h). Its cohomology class αg/h ∈ H1CE
(
h, h⊥⊗
End(g/h)
)
is independent of the choice of g-connection ∇ and is called the Atiyah class of the Lie algebra
pair (g, h).
The Todd cocycle of the Lie algebra pair (g, h) associated with the connection ∇ is the Chevalley-Eilenberg
cocycle
td∇g/h = det
(
R∇1,1
1− e−R∇1,1
)
∈
⊕
k=0
Λkh∨ ⊗ Λkh⊥.
The Todd class of the Lie algebra pair (g, h) is the corresponding Chevalley-Eilenberg cohomology class
Tdg/h = det
(
αg/h
1− e−αg/h
)
∈
⊕
k=0
HkCE(h,Λ
kh⊥).
3.2.2. Polyvector fields and polydifferential operators on Lie algebra pairs. For a Lie algebra pair (g, h),
it follows from Corollary A.14 and Corollary A.20 that both tot
(
Λ•h∨ ⊗ Λ•+1(g/h)) and tot (Λ•h∨ ⊗( U(g)
U(g)·h
)⊗•+1)
carry L∞ algebra structures unique up to L∞ isomorphisms. (Whenever g = h ./ m is a
matched pair, U(g)U(g)·h is isomorphic to U(m) and the two L∞ algebras above are actually differential graded
Lie algebras.)
The quotient g/h of a Lie algebra pair (g, h) is an h-module with the action
a · q(l) = ∇Botta q(l) = q([a, l]), ∀ a ∈ h, l ∈ g.
Again, q : g → g/h is the canonical projection. This action extends by the Leibniz rule to an h-action
on T •poly = Λ•+1(g/h). Let dBotth : Λph∨ ⊗ Λq+1(g/h) → Λp+1h∨ ⊗ Λq+1(g/h) be the corresponding
Chevalley–Eilenberg differential. According to Corollary A.14, the space tot
(
Λ•h∨ ⊗ Λ•+1(g/h)) carries
an L∞ algebra structure, unique up to L∞ isomorphism, with dBotth as unary bracket. Furthermore, when en-
dowed with the wedge product, the hypercohomologyH•CE
(
h,Λ•+1(g/h)
)
becomes a Gerstenhaber algebra.
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Similarly, the Lie algebra h acts on D0poly = U(g)U(g)·h by left multiplication and henceforth it acts on D•poly =( U(g)
U(g)·h
)⊗•+1
as well. The Chevalley–Eilenberg differential associated with this action is denoted
dUA : Λ
ph∨ ⊗Dqpoly → Λp+1h∨ ⊗Dqpoly.
Meanwhile, the Hochschild differential dH : Dqpoly → Dq+1poly extends to
dH : Λ
ph∨ ⊗Dqpoly → Λph∨ ⊗Dq+1poly
by graded linearity. By Corollary A.20, the graded vector space tot
(
Λ•h∨ ⊗
( U(g)
U(g)·h
)⊗•+1)
carries an L∞
algebra structure, unique up to L∞ isomorphism, with dUA + dH as unary bracket. When endowed with the
cup product, the corresponding hypercohomologyH•CE
(
h,
( U(g)
U(g)·h
)⊗•+1)
becomes a Gerstenhaber algebra.
The above L∞ algebra structures depend on the choice of a splitting of the short exact sequence 0 → h →
g → g/h → 0 and a torsion-free g-connection on g/h. However, different choices induce isomorphic L∞
algebras. Moreover, the first ‘Taylor coefficient’ of the L∞ isomorphism is the identity map. Therefore, the
Gerstenhaber algebra structures inherited by the cohomologies are in fact canonical [3].
The natural map induced by skew-symmetrization (see Section 1.5)
hkr : tot
(
Λ•h∨ ⊗ Λ•+1(g/h))→ tot(Λ•h∨ ⊗ ( U(g)U(g)·h)⊗•+1)
is a quasi-isomorphism of cochain complexes.
3.2.3. Formality theorem for Lie algebra pairs. Theorems 2.1 and 2.2 imply the following corollaries.
Theorem 3.3 (Formality theorem for Lie algebra pairs). Let (g, h) be a Lie algebra pair. Given a splitting of
the short exact sequence 0→ h→ g→ g/h→ 0 and a torsion-free g-connection ∇ on g/h, there exists an
L∞ quasi-isomorphism
I : tot (Λ•h∨ ⊗ Λ•+1(g/h))→ tot(Λ•h∨ ⊗ ( U(g)U(g)·h)⊗•+1)
with first ‘Taylor coefficient’ I1 satisfying the following two properties:
(1) I1 preserves the associative algebra structures (wedge and cup product, respectively) up to homotopy;
(2) I1 = hkr ◦(td∇g/h)
1
2 , where
(td∇g/h)
1
2 ∈
∞⊕
k=0
Λkh∨ ⊗ Λkh⊥ =
⊕
k=0
Λkh∨ ⊗ Λk(g/h)∨
acts on tot
(
Λ•h∨ ⊗ Λ•+1(g/h)) by contraction.
Theorem 3.4 (Kontsevich-Duflo type theorem for Lie algebra pairs). Given a Lie algebra pair (g, h), the
map
hkr ◦Td
1
2
g/h : H
•
CE
(
h,Λ•+1(g/h)
) ∼=−→ H•CE(h,( U(g)U(g)·h)⊗•+1)
is an isomorphism of Gerstenhaber algebras. It is understood that the square root Td
1
2
g/h of the Todd class
Tdg/h ∈
⊕
k=0H
k
CE(h,Λ
k(g/h)∨) acts on H•CE(h,Λ•+1(g/h)) by contraction.
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3.3. g-manifolds. In this section, we consider the formality theorem for a g-manifold, i.e. a smooth manifold
with a Lie algebra action (see [41] for more details). Let M be a g-manifold with infinitesimal action g 3
a 7→ aˆ ∈ X(M). Every g-manifold M determines in a canonical way a matched pair of Lie algebroids
(g nM) ./ TM (see e.g. [51, Example 5.5] or [42]). The notation g nM refers to the transformation Lie
algebroid arising from the infinitesimal g-action on M . Therefore, we can form a Lie pair (L,A), where
L = (g nM) ./ TM and A = g nM . In this case, the quotient L/A is isomorphic to TM and the Bott
A-connection on L/A is the map
∇Bott : C∞(M, g)⊗ X(M)→ X(M)
defined by
∇Bottf ·a X = f · [aˆ, X],
for all a ∈ g, f ∈ C∞(M), and X ∈ X(M).
3.3.1. Atiyah and Todd classes of g-manifolds. It is not difficult to see that, for the Lie pair constituted of the
Lie algebroid L = (gnM) ./ TM and its Lie subalgebroid A = gnM , a choice of L-connection on L/A
extending the Bott A-connection is essentially a choice of affine connection onM . Moreover, the torsion of
the L-connection on L/A reduces to the torsion of the corresponding affine connection onM .
Given an affine connection ∇ onM , the Atiyah 1-cocycle associated with∇ is the map
R∇1,1 : g× X(M)→ EndR X(M)
defined by
R∇1,1(a,X) = Laˆ ◦ ∇X −∇X ◦ Laˆ −∇LaˆX ,
for all a ∈ g and X ∈ X(M).
Following Proposition 1.6, we prove the following
Proposition 3.5. (1) The Atiyah cocycle R∇1,1 ∈ g∨ ⊗ Γ(T∨M ⊗ EndTM ) is a Chevalley–Eilenberg 1-
cocycle of the g-module Γ(T∨M ⊗ EndTM ).
(2) The cohomology class αM/g ∈ H1CE(g,Γ(T∨M ⊗EndTM )) of the 1-cocycleR∇1,1 does not depend on
the choice of connection ∇.
The cohomology class αM/g is called the Atiyah class of the g-manifoldM . It is the obstruction class to the
existence of a g-invariant connection onM , i.e. an affine connection∇ onM satisfying
[aˆ,∇XY ] = ∇[aˆ,X]Y +∇X [aˆ, Y ]
for all a ∈ g and X,Y ∈ X(M). Note that if g is a compact Lie algebra, αM/g vanishes since g-invariant
connections always exist.
In the context of g-manifolds, the Todd cocycle of a g-manifoldM is the Chevalley–Eilenberg cocycle
td∇M/g = det
(
R∇1,1
1− e−R∇1,1
)
∈
⊕
k=0
Λkg∨ ⊗ Ωk(M).
Its corresponding Chevalley–Eilenberg cohomology class is the Todd class
TdM/g = det
(
αM/g
1− e−αM/g
)
∈
⊕
k=0
HkCE(g,Ω
k(M)).
The spaces Ωk(M), with k ≥ 0, are endowed with their natural g-module structures. Since the Lie algebra g
is finite dimensional, the above expression for the Todd class TdM/g reduces to a finite sum.
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3.3.2. Polyvector fields and polydifferential operators on g-manifolds. The space of polyvector fields and the
space of polydifferential operators on the Lie pair
(
(g nM) ./ TM , g nM
)
are naturally isomorphic to
tot
(
Λ•g∨ ⊗k T •poly
(
M)) and tot
(
Λ•g∨ ⊗k D•poly
(
M)), respectively. Here T •poly
(
M) denotes the space of
ordinary polyvector fields onM , whileD•poly
(
M) denotes the space of ordinary polydifferential operators on
M . Since (gnM) ./ TM is a matched pair, it follows from Proposition A.4 that both tot
(
Λ•g∨⊗kT •poly
(
M))
and tot
(
Λ•g∨ ⊗k D•poly
(
M)) are dglas.
We proceed to describe these dgla structures. The g-action onM and the Schouten bracket together determine
a g-module structure on T kpoly for each k ≥ −1:
a · γ = [aˆ, γ] ∀ a ∈ g, γ ∈ T kpoly(M).
Therefore, the complex with trivial differential
· · · → T kpoly(M) 0−→ T k+1poly (M)→ · · ·
is a complex of g-modules and we obtain the differential Gerstenhaber algebra(
tot(Λ•g∨ ⊗k T •poly
(
M)), dCE + 0, [−,−] ,∧
)
,
whose graded Lie bracket and product are respectively defined by
[α⊗X , β ⊗ Y] = (−1)q1p2α ∧ β ⊗ [X ,Y]
and
(α⊗X ) ∧ (β ⊗ Y) = (−1)q1p2(α ∧ β)⊗ (X ∧ Y),
for all α⊗X ∈ Λp1g∨ ⊗k T q1poly(M) and β ⊗ Y ∈ Λp2g∨ ⊗k T q2poly(M).
Likewise, the g-action onM and the Gerstenhaber bracket together determine a g-module structure onD•poly:
a · µ = Jaˆ, µK ∀ a ∈ g, µ ∈ D•poly(M).
Since the Gerstenhaber bracket satisfies the graded Jacobi identity, the infinitesimal g-action onD•poly(M) is
compatible with the Hochschild differential. Consequently, the Hochschild cochain complex
· · · → Dkpoly(M) dH−−→ Dk+1poly(M)→ · · ·
is a complex of g-modules. Next, we endow Λ•g∨ ⊗k D•poly(M) with the differential dCE + dH , the cup
product^, and the Gerstenhaber bracket J−,−K defined by
(α⊗ ξ) ^ (β ⊗ η) = (−1)q1p2(α ∧ β)⊗ (ξ ^ η)Jα⊗ ξ, β ⊗ ηK = (−1)q1p2α ∧ β ⊗ Jξ, ηK
for all α⊗ ξ ∈ Λp1g∨ ⊗k Dq1poly(M) and β ⊗ η ∈ Λp2g∨ ⊗k Dq2poly(M). It follows from Proposition A.4 that(
tot(Λ•g∨ ⊗k D•poly(M)), dCE + dH , J−,−K)
is a dgla whose cohomologyH•CE(g,D•poly(M)), endowedwith the cup product and the Gerstenhaber bracket,
is a Gerstenhaber algebra.
The Λ•g-linear extension hkr : Λ•g∨ ⊗k T •poly(M)→ Λ•g∨ ⊗k D•poly(M) of the classical HKR map of the
smooth manifold M is a quasi-isomorphism of cochain complexes but does not preserve the Lie structures
on cohomologies.
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3.3.3. Formality theorem for g-manifolds. Theorem 2.1 and Theorem 2.2 imply the following:
Theorem 3.6 (Formality theorem for g-manifolds). Given a g-manifold M and an affine torsion-free con-
nection∇ onM , there exists an L∞ quasi-isomorphism I from the dgla tot
(
Λ•g∨⊗k T •poly(M)
)
to the dgla
tot
(
Λ•g∨ ⊗k D•poly(M)
)
with first ‘Taylor coefficient’ I1 satisfying the following two properties:
(1) I1 is, up to homotopy, an isomorphism of associative algebras (and hence induces an isomorphism
of associative algebras of the cohomologies);
(2) I1 = hkr ◦(td∇M/g)
1
2 , where (td∇M/g)
1
2 ∈ ⊕k=0 Λkg∨ ⊗ Ωk(M) acts on tot (Λ•g∨ ⊗k T •poly(M))
by contraction.
Theorem 3.7 (Kontsevich–Duflo type theorem for g-manifolds). Given a g-manifoldM , the map
hkr ◦Td
1
2
M/g : H
•
CE
(
g, T •poly(M)
) ∼=−→ H•CE (g,D•poly(M))
is an isomorphism of Gerstenhaber algebras. It is understood that the square root Td
1
2
M/g of the Todd class
TdM/g ∈
⊕
k=0H
k
CE
(
g,Ωk(M)
)
acts on H•CE
(
g, T •poly(M)
)
by contraction.
Remark 3.8. In [61], Ševera studied quantization of “Poisson actions up to homotopy” using a version of
Theorem 3.6 applicable to trivial g-actions.
Remark 3.9. To the best of our knowledge, the first construction of an L∞ quasi-isomorphism from the dgla
tot
(
Λ•g∨⊗k T •poly(M)
)
to the dgla tot
(
Λ•g∨⊗kD•poly(M)
)
can be credited to Dolgushev [19, concluding
remarks].
3.4. Foliations. LetF be a regular foliation of a smoothmanifoldM . The tangent bundle ofF is a subbundle
of TM , denoted TF , whose sections are closed under the Lie bracket of vector fields. Therefore, (TM , TF )
is a Lie pair. Its quotient NF = TM/TF is the normal bundle of the foliation F . We have the short exact
sequence of vector bundles
0→ TF → TM q−→ NF → 0.
The Bott TF -connection on NF is defined by
∇Botta q(l) = q([a, l]), ∀ a ∈ Γ(TF ), l ∈ X(M).
The Chevalley–Eilenberg Lie algebroid cohomology H•CE(TF ,M) with coefficients in a TF -moduleM co-
incides exactly with the leafwise de Rham cohomology H•dR(F ,M) of the foliation F with coefficients in
the moduleM.
3.4.1. Atiyah and Todd classes of foliations. The torsion of a TM -connection ∇ on NF is the bundle map
T∇ : Λ2TM → NF defined by
T∇(X,Y ) = ∇Xq(Y )−∇Y q(X)− q([X,Y ]),
for all X,Y ∈ X(M). The Atiyah cocycle associated with a torsion-free TM -connection ∇ on NF is the
bundle map R∇1,1 : TF ⊗ NF → End(NF ) — or the corresponding section of T∨F ⊗ T⊥F ⊗ End(NF ) —
defined by
R∇1,1
(
a; q(l)
)
= ∇a∇l −∇l∇a −∇[a,l], ∀ a ∈ Γ(TF ), l ∈ Γ(TM ).
According to Proposition 1.6, R∇1,1 ∈ Γ(T∨F ⊗ T⊥F ⊗ End(NF )) is a leafwise de Rham closed 1-form with
values in the TF -module T⊥F ⊗ End(NF ). Its cohomology class αF ∈ H1dR(F , T⊥F ⊗ End(NF )) is inde-
pendent of the chosen connection∇ and is called the Molino class of the foliation F . It is an invariant of the
foliation that was first introduced by Molino [52].
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The Todd cocycle of the foliation F associated with the connection ∇ is the leafwise closed form
td∇F = det
(
R∇1,1
1− e−R∇1,1
)
∈
⊕
k=0
Γ(ΛkT∨F ⊗ ΛkT⊥F ).
The Todd class of the foliation F is the corresponding cohomology class
TdF = det
(
αF
1− e−αF
)
∈
⊕
k=0
HkdR(F ,ΛkT⊥F ).
3.4.2. Transversal polyvector fields and transversal polydifferential operators on foliations. It follows from
Corollary A.14 and Corollary A.20 applied to the Lie pair (TM , TF ) that both tot
(
Γ(Λ•T∨F )⊗R T •poly(NF )
)
and tot
(
Γ(Λ•T∨F ) ⊗R D•poly(NF )
)
can be endowed with L∞ algebra structures, unique up to L∞ isomor-
phism. Here T •poly(NF ) = Γ(Λ•+1NF ) can be considered as the space of polyvector fields transversal to the
foliationF [72, 73]. The unary bracket on tot (Γ(Λ•T∨F )⊗RT •poly(NF )) is the leafwise de Rham differential
ddR with values in T •poly(NF ). Similarly, D•poly(NF ) =
⊕∞
k=−1Dkpoly(NF ) can be considered as the space
of polydifferential operators transversal toF . HereD−1poly(NF ) denotes the algebraR of smooth functions on
the manifoldM ,D0poly(NF ) denotes the leftR-module U(TM )U(TM )·Γ(TF ) ∼=
D(M)
D(M)·Γ(TF ) of ‘transverse differential
operators,’ and Dkpoly(NF ) denotes the tensor product D0poly(NF )⊗R · · · ⊗R D0poly(NF ) of (k + 1) copies
of the left R-module D0poly(NF ). (Should there exist a foliation F ′ transverse to F , the space D0poly(NF )
would be isomorphic to the space U(TF ′) of differential operators in the direction of F ′.)
For every k ≥ 0, Dkpoly(NF ) is naturally a left U(TF )-module and we can consider the associated leafwise
de Rham differential
ddR : Γ(Λ
•T∨F )⊗R Dkpoly(NF )→ Γ(Λ•+1T∨F )⊗R Dkpoly(NF ).
Since D(M)D(M)·Γ(TF ) is a coalgebra over R with an associative comultiplication
∆ : D(M)D(M)·Γ(TF ) →
D(M)
D(M)·Γ(TF ) ⊗R
D(M)
D(M)·Γ(TF ) ,
there is a Hochschild differential
dH : Dkpoly(NF )→ Dk+1poly(NF ),
which extends to a Γ(Λ•T∨F )-graded linear operator of degree +1 on tot
(
Γ(Λ•T∨F )⊗RD•poly(NF )
)
denoted
dH . The unary bracket of the L∞ algebra structure on tot
(
Γ(Λ•T∨F )⊗R D•poly(NF )
)
is ddR + dH .
TheL∞ structures on tot
(
Γ(Λ•T∨F )⊗RT •poly(NF )
)
and tot
(
Γ(Λ•T∨F )⊗RD•poly(NF )
)
depend on the choice
of a splitting of the short exact sequence 0 → TF → TM → NF → 0 and a torsion-free TM -connection
on NF — see [3]. However, different choices induce isomorphic L∞ algebra structures. Moreover, the first
‘Taylor coefficient’ of theL∞ isomorphism is the identity map. Therefore, the resulting Gerstenhaber algebra
structures on the cohomologies H•dR(F , T •poly(NF )) and H•dR(F ,D•poly(NF )) are indeed canonical [3].
According to Section 1.5, the skew-symmetrization map T •poly(NF ) → D•poly(NF ) induces a quasi-isomor-
phism of cochain complexes
hkr : tot
(
Γ(Λ•T∨F )⊗R T •poly(NF )
)→ tot (Γ(Λ•T∨F )⊗R D•poly(NF )).
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3.4.3. Formality theorem for foliations. Theorem 2.1 and Theorem 2.2 imply the following
Theorem 3.10 (Formality theorem for foliations). Let F be a regular foliation on a smooth manifold M .
Given a splitting of the short exact sequence 0→ TF → TM → NF → 0 and a torsion-free TM -connection
∇ on NF , there exists an L∞ quasi-isomorphism
I : tot (Γ(Λ•T∨F )⊗R T •poly(NF ))→ tot (Γ(Λ•T∨F )⊗R D•poly(NF ))
with first ‘Taylor coefficient’ I1 satisfying the following two properties:
(1) I1 preserves the associative algebra structures (wedge and cup product, respectively) up to homotopy;
(2) I1 = hkr ◦(td∇F )
1
2 , where (td∇F )
1
2 ∈⊕∞k=0 Γ(ΛkT∨F⊗ΛkT⊥F ) acts on tot (Γ(Λ•T∨F )⊗RT •poly(NF ))
by contraction.
Theorem 3.11 (Kontsevich-Duflo type theorem for foliations). Given a regular foliation F on a smooth
manifoldM , the map
hkr ◦Td
1
2
F : H
•
dR(F , T •poly(NF ))
∼=−→ H•dR(F ,D•poly(NF ))
is an isomorphism of Gerstenhaber algebras. It is understood that the square root Td
1
2
F of the Todd class
TdF ∈
⊕
k=0H
k
dR(F ,ΛkT⊥F ) acts on H•dR(F , T •poly(NF )) by contraction.
Appendix A. Fedosov dg Lie algebroids
In this section, we recall basic ingredients needed to establish our main result (Theorem 2.1) in Section 2.
For details, we refer the interested reader to [3].
A.1. DGLAs associated to dg Lie algebroids. One can make sense of polyvector fields and polydifferential
operators for a dg Lie algebroid just as one does for ordinary Lie algebroids. Both give rise to dglas and their
cohomology groups are in fact Gerstenhaber algebras. More precisely, a (k + 1)-vector field on a dg Lie
algebroid L → M is a section of the vector bundle Λk+1L → M while a (k + 1)-differential operator
is an element of U(L)⊗k+1, the tensor product (as left C∞(M)-modules) of k + 1 copies of the universal
enveloping algebra U(L).
It is clear that the differential Q : Γ(L)→ Γ(L) and the homological vector field Q : C∞(M)→ C∞(M)
extend naturally to a degree +1 differential Q : Γ(Λk+1L)→ Γ(Λk+1L) and the Lie algebroid structure on
L yields a Schouten bracket
[−,−] : Γ(Λu+1L)⊗ Γ(Λv+1L)→ Γ(Λu+v+1L).
Proposition A.1. Let L be a dg Lie algebroid overM.
(1) When endowed with the differential Q, the wedge product, and the Schouten bracket, the space of
‘polyvector fields’ Γ(Λ•+1L) is a differential Gerstenhaber algebra — whence a dgla.
(2) When endowed with the wedge product and the Schouten bracket, the cohomologyH•
(
Γ(Λ•+1L),Q)
is a Gerstenhaber algebra.
Adapting the definition given for Lie algebroids, one can define the universal enveloping algebra of a dg Lie
algebroid. The universal enveloping algebra of a dg Lie algebroid L →M is a dg Hopf algebroid U(L) over
the cdga R := C∞(M). For each k > 0, the dg structure on the dg Lie algebroid L → M determines a
differential Q : U(L)⊗k+1 → U(L)⊗k+1 of degree +1. A Hochschild coboundary differential
dH : U(L)⊗k → U(L)⊗k+1
and Gerstenhaber bracket J−,−K : U(L)⊗u+1 ⊗k U(L)⊗v+1 → U(L)⊗u+v+1 (20)
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can be defined by the following explicit algebraic expressions:
dH (u1 ⊗ · · · ⊗ uk) = 1⊗ u1 ⊗ · · · ⊗ uk +
k∑
i=1
(−1)iu1 ⊗ · · · ⊗∆(ui)⊗ · · · ⊗ uk
+ (−1)k+1u1 ⊗ · · · ⊗ uk ⊗ 1, (21)
and, for φ ∈ U(L)⊗u+1 and φ ∈ U(L)⊗v+1,Jφ, ψK = φ ? ψ − (−1)uvψ ? φ ∈ U(L)⊗u+v+1, (22)
where φ ? ψ ∈ U(L)⊗u+v+1 is defined by
φ ? ψ =
u∑
k=0
(−1)kvd0 ⊗ · · · ⊗ dk−1 ⊗ (∆vdk) · ψ ⊗ dk+1 ⊗ · · · ⊗ du
if φ = d0 ⊗ d1 ⊗ · · · ⊗ du for some d0, d1, . . . , du ∈ U(L).
We refer the reader to [77] for the precise meaning of the product (∆vdk) · ψ in U(L)⊗v+1 appearing in the
last equation above.
Proposition A.2. Let L be a dg Lie algebroid overM.
(1) When endowed with the differentialQ+dH and the Gerstenhaber bracket (20), U(L)⊗•+1 is a dgla.
(2) When endowed with the cup product (i.e. the tensor product ⊗R) and the Gerstenhaber bracket, the
Hochschild cohomology H•
(U(L)⊗•+1,Q+ dH ), is a Gerstenhaber algebra.
Recall that, for a Lie pair (L,A), if a splitting j : B(= L/A) → L of the short exact sequence 0 → A →
L → B → 0 is given, whose image j(B) happens to be a Lie subalgebroid of L, then A and B are said to
form a matched pair of Lie algebroids— see [51] for more details. In such a situation, we write L = A ./ B
to highlight that A and B play symmetric roles as a pair of complementary Lie subalgebroids of the Lie
algebroid L.
Lemma A.3. IfA ./ B is a matched pair of Lie algebroids, then (A[1]⊕B, dBottA ) is a dg Lie algebroid over
(A[1], dA).
Proof. A classical result of Mackenzie [43] asserts that, if A ./ B is a matched pair of Lie algebroids over a
smooth manifoldM , then
A ./ B B
A M
is a double Lie algebroid. Moreover, Gracia-Saz and Mehta [32] proved that, given a double Lie algebroid
D B
A M
,
the graded vector bundle D[1]→ A[1] is automatically a dg Lie algebroid. 
Here the dg manifold structures on (A[1]⊕B, dBottA ) and (A[1], dA) result from the Lie algebroid structures
on A ⊕ B → B and A → M , respectively. In what follows, denote by B the dg manifold A[1] ⊕ B. The
space of sections of B → A[1] can be naturally identified with Γ(Λ•A∨⊗B). The bracket on Γ(Λ•A∨⊗B)
is defined in terms of the Bott B-connection on ΛA∨ by
[ξ1 ⊗ b1, ξ2 ⊗ b2] = ξ1 ∧ ξ2 ⊗ [b1, b2] + ξ1 ∧∇Bottb1 ξ2 ⊗ b2 −∇Bottb2 ξ1 ∧ ξ2 ⊗ b1 (23)
for all ξ1, ξ2 ∈ Γ(Λ•A∨) and b1, b2 ∈ Γ(B), while the anchor map Γ(Λ•A∨ ⊗B) ρ¯−→ Der(Λ•A∨) is defined
by
ρ¯(ξ ⊗ b)(η) = ξ ∧∇Bottb η, (24)
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for all ξ, η ∈ Γ(Λ•A∨) and b ∈ Γ(B). Finally, the differential on the space of sections of B → A[1] is simply
the Chevalley–Eilenberg differential dBottA : Γ(Λ•A∨ ⊗ B) → Γ(Λ•+1A∨ ⊗ B) corresponding to the Bott
A-connection on B.
According to Proposition A.1, the dg Lie algebroid B → A[1] induces a differential Gerstenhaber algebra
structure on Γ(Λ•+1B) ∼= Γ(Λ•A∨ ⊗ Λ•+1B). Its differential is the Chevalley–Eilenberg differential
dBottA : Γ(Λ
•A∨ ⊗ Λ•+1B)→ Γ(Λ•+1A∨ ⊗ Λ•+1B) (25)
corresponding to the Bott A-connection on ΛB and its Lie bracket is the Schouten bracket of the dg Lie
algebroid B → A[1] — essentially the extension of Equations (23) and (24) by the graded Leibniz rule.
Next, consider the universal enveloping algebra U(B) of the dg Lie algebroid B → A[1], which is a dg Hopf
algebroid over (Γ(Λ•A∨), dA). It is clear that U(B) ∼= Γ(Λ•A∨)⊗R U(B) and U(B)⊗k+1 ∼= Γ(Λ•A∨)⊗R
U(B)⊗k+1. Under this identification, the differential Q : U(B)⊗k+1 → U(B)⊗k+1 becomes the Chevalley–
Eilenberg differential
dUA : Γ(∧•A∨)⊗R U(B)⊗k+1 → Γ(∧•+1A∨)⊗R U(B)⊗k+1. (26)
Here the A-module structure on U(B) follows from the canonical identification of U(B) with U(L)U(L)Γ(A) —
the Lie algebroid A acts on the latter by multiplication from the left — and extends to an A-module structure
on U(B)⊗k+1 in the natural way. As a consequence, the total differential Q + dH on U(B)⊗•+1 coincides
with dUA + dH on tot
(
Γ(Λ•A∨)⊗R U(B)•+1
)
.
The following proposition summarizes the discussion above:
Proposition A.4. Suppose A ./ B is a matched pair of Lie algebroids.
(1) When endowed with the differential dBottA as in (25) and the Schouten bracket defined by Equa-
tions (23)-(24), Γ(∧•A∨ ⊗ ∧•+1B) is a differential Gerstenhaber algebra, whence a dgla.
(2) When endowed with the wedge product and the Schouten bracket, the cohomology H•CE(A,Λ•+1B)
is a Gerstenhaber algebra.
(3) When endowed with the differential dUA + dH (see (21) and (26)) and the Gerstenhaber bracket,
tot
(
Γ(Λ•A∨)⊗R U(B)⊗•+1 is a dgla.
(4) When endowed with the cup product and the Gerstenhaber bracket, the Hochschild cohomology
H•CE
(
A,U(B)⊗•+1), i.e. the cohomology of the complex ( tot(Λ•A∨ ⊗R U(B)⊗•+1, dUA + dH ),
is a Gerstenhaber algebra.
Remark A.5. Note that the Gerstenhaber bracket on tot
(
Γ(Λ•A∨) ⊗R U(B)⊗•+1
)
is not the obvious ex-
tension of the Gerstenhaber bracket on U(B)⊗•+1 obtained by tensoring with the commutative associative
algebra Γ(Λ•A∨). In fact, to write down an explicit formula — which is quite involved — one needs to use
the Bott representation of B on Γ(Λ•A∨).
A.2. Fedosov dg Lie algebroids. Let (L,A) be a Lie pair. We use the symbols B to denote the quotient
vector bundle L/A and r to denote its rank.
Consider the endomorphism δ of the vector bundle Λ•L∨ ⊗ SˆB∨ defined by
δ(ω ⊗ χJ) =
r∑
m=1
(
q>(χm) ∧ ω
)⊗ Jm χJ−em ,
for all ω ∈ ΛL∨ and J ∈ Nr. Here {χk}rk=1 denotes an arbitrary local frame for the vector bundle B∨,
χJ = χ1  · · ·  χ1︸ ︷︷ ︸
J1 factors
 χ2  · · ·  χ2︸ ︷︷ ︸
J2 factors
 · · ·  χr  · · ·  χr︸ ︷︷ ︸
Jr factors
if J = (J1, J2, · · · , Jr), the symbol em denotes the multi-index (0, · · · , 0, 1, 0, · · · , 0) having its single
nonzero entry inm-th position, and q> : B∨ → L∨ is the map dual to the projection q : L→ B.
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The operator δ is a derivation of degree +1 of the graded commutative algebra Γ(Λ•L∨⊗ SˆB∨) and satisfies
δ2 = 0. The resulting cochain complex
· · · Λn−1L∨ ⊗ SˆB∨ ΛnL∨ ⊗ SˆB∨ Λn+1L∨ ⊗ SˆB∨ · · ·δ δ
deformation retracts onto the trivial complex
· · · Λn−1A∨ ΛnA∨ Λn+1A∨ · · ·0 0
Indeed, for every choice of splitting i ◦ p+ j ◦ q = idL of the short exact sequence
0 A L B 0i
p
q
j
(27)
and its dual
0 B∨ L∨ A∨ 0
q>
j>
i>
p>
,
the chain maps
σ : Λ•L∨ ⊗ SˆB∨ → Λ•A∨
and
τ : Λ•A∨ → Λ•L∨ ⊗ SˆB∨
respectively defined by
σ(ω ⊗ χJ) =
{
ω ⊗ χJ if v = 0 and |J | = 0
0 otherwise,
for all ω ∈ p>(ΛuA∨)⊗ q>(ΛvB∨), and
τ(α) = p>(α)⊗ 1,
for all α ∈ Λ•(A∨), satisfy
στ = id and id−τσ = hδ + δh,
where the homotopy operator
h : Λ•L∨ ⊗ SˆB∨ → Λ•−1L∨ ⊗ SˆB∨
is defined by
h(ω ⊗ χJ) =
{
1
v+|J |
∑r
k=1(ιj(∂k)ω)⊗ χJ+ek if v > 1
0 if v = 0
for all ω ∈ p>(ΛuA∨) ⊗ q>(ΛvB∨). Here {∂k}rk=1 denotes the local frame for B dual to {χk}rk=1. Note
that the operator h is not a derivation of the algebra Γ(Λ•L∨ ⊗ SˆB∨). Also, we note that hτ = 0, σh = 0,
and h2 = 0.
Lemma A.6. Let (L,A) be a Lie pair and let∇ be an L-connection on B extending the Bott A-connection.
The torsion T∇ of ∇ vanishes (see Proposition 1.4) if and only if δd∇L + d∇L δ = 0.
Consider the four maps δ\, σ\, h\, and τ\
Γ(Λ•A∨ ⊗B) Γ(Λ•L∨ ⊗ SˆB∨ ⊗B) Γ(Λ•+1L∨ ⊗ SˆB∨ ⊗B)
τ\
σ\ δ\
h\
defined by
δ\(ω ⊗ σ ⊗ b) = δ(ω ⊗ σ)⊗ b, σ\(ω ⊗ σ ⊗ b) = σ(ω ⊗ σ)⊗ b,
h\(ω ⊗ σ ⊗ b) = h(ω ⊗ σ)⊗ b, τ\(α⊗ b) = τ(α)⊗ b,
for all α ∈ Γ(ΛA∨), ω ∈ Γ(ΛL∨), σ ∈ Γ(SˆB∨), and b ∈ Γ(B).
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TheoremA.7 ([66]). Let (L,A) be a Lie pair with quotientB = L/A. We interpret the sections of the bundle
L∨ ⊗ SˆB∨ ⊗ B as derivations of the algebra Γ(Λ•L∨ ⊗ SˆB∨) in the natural way. Given a splitting of the
short exact sequence (27) and a torsion-free L-connection∇ on B, there exists a unique derivation
X∇ ∈ Γ(L∨ ⊗ Sˆ>2B∨ ⊗B),
satisfying h\(X∇) = 0 and such that the derivationQ : Γ(Λ•L∨⊗ SˆB∨)→ Γ(Λ•+1L∨⊗ SˆB∨) defined by
Q = −δ + d∇L +X∇
satisfies Q2 = 0. Moreover, writing Xk for the component of X∇ in L∨ ⊗ SkB∨ ⊗ B, we have X∇ =∑∞
k=2Xk with
X2 = h\(R
∇) = h\(R˜∇1,1) + h\(R
∇
0,2).
As a consequence, (M = L[1] ⊕ B,Q = −δ + d∇L + X∇) is a dg manifold, which we call a Fedosov dg
manifold associated with the Lie pair (L,A).
Sketch of proof. Suppose there exists such an X∇ and consider its decomposition X∇ =
∑∞
k=2Xk, where
Xk ∈ Γ(L∨ ⊗ SˆkB∨ ⊗B). Then Q = −δ + d∇L +X2 +X>3 with X>3 =
∑∞
k=3Xk and
Q2 = δ2 − (δd∇L + d∇L δ)+ {d∇L d∇L − δX2 −X2δ}
+
{
d∇LX
∇ +X∇d∇L +X
∇2 − δX>3 −X>3δ
}
= δ2 − [δ, d∇L ] +
{
R∇ − [δ,X2]
}
+
{
[d∇L +
1
2X
∇, X∇]− [δ,X>3]
}
.
For degree reasons, the requirement Q2 = 0 is equivalent to the pair of equations
[δ,X2] = R
∇ and [δ,X>3] = [d∇L + 12X
∇, X∇].
Note that σ\(X2) = 0 and σ\(X>3) = 0, since X2, X>3 ∈ Γ(L∨ ⊗ Sˆ>2B∨ ⊗B), and also that h\(X2) = 0
and h\(X>3) = 0, as h\(X∇) = 0. Since δ\ h\ +h\ δ\ = id− τ\ σ\, we obtain h\ δ\(X2) = X2 and
h\ δ\(X>3) = X>3.
It follows that
X2 = h\ δ\(X2) = h\([δ,X2]) = h\(R
∇)
while
X>3 = h\ δ\(X>3) = h\([δ,X>3]) = h\[d
∇
L +
1
2X
∇, X∇].
Projecting the latter equation onto Γ(L∨ ⊗ Sˆk+1B∨ ⊗B), we obtain
Xk+1 = h\
(
d∇L ◦Xk +Xk ◦ d∇L +
∑
p+q=k+1
26p,q6k−1
Xp ◦Xq
)
, for k > 2,
which shows that the higher terms of X∇ =
∑∞
k=2Xk can be computed iteratively starting from X2 =
h\(R
∇). The derivation X∇ is thus uniquely determined by the torsion-free connection ∇. 
The Fedosov dgmanifold (M, Q) of TheoremA.7was also obtained independently by Batakidis–Voglaire [4]
in the case of matched pairs.
Remark A.8. When L is the tangent bundle to a smooth manifold and A is its trivial subbundle of rank 0,
Theorem A.7 reduces to a classical theorem of Emmrich–Weinstein [25] (see also [19]). In the particular
case of the Lie pair comprised of the complex Lie algebroids L = TX ⊗ C and A = T 0,1X associated with
a complex manifold X , Theorem A.7 reduces to Theorem 5.9 in [11].
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The identification of C∞(M) with the subalgebra Γ(Λ0L∨ ⊗ S0(B∨)) of C∞(M) = Γ(Λ•L∨ ⊗ Sˆ(B∨))
determines a surjective submersionMM . LetF →M denote the pullback of the vector bundleB →M
throughM  M . It is a graded vector bundle whose total space F is the graded manifold with supportM
associated with the graded vector bundleL[1]⊕B⊕B →M . Its space of sectionsΓ(F →M) is canonically
identified with C∞(M) ⊗C∞(M) Γ(B) = Γ(Λ•L∨ ⊗ Sˆ(B∨) ⊗ B). It is naturally a vector subbundle of
TM →M; the inclusion Γ(F →M) ↪→ X(M) takes the section (λ⊗χJ)⊗∂k ∈ C∞(M)⊗C∞(M) Γ(B)
of the vector bundle F →M to the derivation µ⊗ χM 7→ λ ∧ µ⊗MkχJ+M−ek of C∞(M).
Proposition A.9 ([3]). The pullback F → M of the vector bundle B → M to the Fedosov dg manifold
(M, Q) is a dg Lie subalgebroid of the tangent dg Lie algebroid TM →M.
In other words, F is a dg foliation of the dg manifold (M, Q). Each such dg Lie algebroid F →M is called
a Fedosov dg Lie algebroid associated with the Lie pair (L,A).
A.3. Dolgushev–Fedosov type quasi-isomorphisms on T •,•poly and T •poly. Below we describe an extension
of Dolgushev–Fedosov type quasi-isomorphisms [19] to the context of Lie pairs. Actually, a stronger result
holds: the quasi-isomorphisms are contractions.
Set T r,spoly := Γ((B∨)⊗r⊗B⊗s) and let T r,spoly denote the space of formal vertical tensors of type (r, s) on the
vector bundle B →M , i.e.
T r,spoly = Γ(Sˆ(B
∨))⊗R T r,spoly.
It is simple to see that
Γ(M; (F∨)⊗r ⊗F⊗s) ∼= Γ(Λ•L∨)⊗R T r,spoly ∼= Γ(Λ•L∨ ⊗ SˆB∨)⊗R T r,spoly.
Since Q is a homological vector field on the graded manifoldM = L[1] ⊕ B, the Lie derivative LQ is a
coboundary operator on the space T r,sM of tensors of type (r, s) onM. The Lie derivative LQ stabilizes the
subspaces of tensors of type (r, s) “tangent to the dg Lie subalgebroid F of TM.”
Lemma A.10. The subspace Γ(Λ•L∨)⊗R T r,spoly of T r,sM is stable under LQ.
By σ\, we denote the map σ ⊗ id:
Γ(Λ•L∨)⊗R T r,spoly ∼= Γ(Λ•L∨ ⊗ SˆB∨)⊗R T r,spoly
σ⊗id−−−→ Γ(Λ•A∨)⊗R T r,spoly.
We have the following Dolgushev–Fedosov type quasi-isomorphism [19].
Proposition A.11 ([3]). For each type (r, s), the chain map(
Γ(Λ•L∨)⊗R T r,spoly,LQ
) (
Γ(Λ•A∨)⊗R T r,spoly, dBottA
)
σ\
is a quasi-isomorphism.
For polyvector fields, a stronger result was proved in [3].
Set T kpoly := Γ(Λk+1B) and let T kpoly denote the space of formal vertical (k + 1)-vector fields on B, i.e.
T kpoly = Γ(Sˆ(B
∨))⊗R T kpoly.
Note that T kpoly ⊂ T 0,k+1poly and T kpoly ⊂ T 0,k+1poly . Then
Γ(Λ•L∨)⊗R T kpoly ∼= Γ(Λ•L∨ ⊗ SˆB∨)⊗R T kpoly.
Denote by σ\ the map
Γ(Λ•L∨)⊗R T kpoly ∼= Γ(Λ•L∨ ⊗ SˆB∨)⊗R T kpoly σ⊗id−−−→ Γ(Λ•A∨)⊗R T kpoly
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Theorem A.12 ([3]). There exists a contraction(
tot
(
Γ(Λ•A∨)⊗R T •poly
)
, dBottA
) (
tot
(
Γ(Λ•L∨)⊗R T •poly
)
,LQ
)τ˘\
σ\
h˘\ (28)
Consider the Fedosov dg Lie algebroid F →M of Section A.2. It is clear that
Γ(M; ΛkF) ∼= Γ(Λ•L∨)⊗R T kpoly.
Applying Proposition A.1 to the dg Lie subalgebroid F of TM, we obtain
Proposition A.13. (1) Since the subspace Γ(Λ•L∨)⊗R T kpoly of the space T kpoly(M) of (k + 1)-vector
fields onM = L[1]⊕B is stable under LQ, we obtain a cochain complex
· · · Γ(ΛuL∨)⊗R T kpoly Γ(Λu+1L∨)⊗R T kpoly · · ·
LQ
for each k > −1.
(2) The total complex
(
tot
(
Γ(Λ•L∨) ⊗R T •poly
)
,LQ
)
is a differential Gerstenhaber algebra, whence
a dgla.
It follows from the homotopy transfer theorem for L∞ algebras (see Lemma 2.24) applied to the contrac-
tion (28) that the dgla structure carried by tot
(
Γ(Λ•L∨)⊗R T •poly
)
determines an L∞ algebra structure on
tot
(
Γ(Λ•A∨)⊗R T •poly
)
. Moreover, since the retraction σ\ intertwines the associative algebra structures, we
immediately obtain the following corollary of Proposition A.13.
Corollary A.14 ([3]). Given a Lie pair (L,A), each choice of a splitting j : B → L of the short exact
sequence of vector bundles 0→ A→ L→ B → 0 and of a torsion-free L-connection∇ on B determines
(1) an L∞ algebra structure on tot
(
Γ(Λ•A∨)⊗R T •poly
)
with the operator dBottA as unary bracket
(2) and a Gerstenhaber algebra structure on H•CE(A, T •poly), the cohomology of the complex(
tot
(
Γ(Λ•A∨)⊗R T •poly
)
, dBottA
)
.
A priori, the L∞ algebra structure on tot
(
Γ(Λ•A∨)⊗R T •poly
)
in Corollary A.14 is not canonical; it depends
on a choice of ‘Dolgushev–Fedosov type’ replacement for the complex
(
tot
(
Γ(Λ•A∨)⊗R T •poly
)
, dBottA
)
via
a Fedosov dg Lie algebroid F → M. The construction of the Fedosov differential involves the choice of a
torsion-free connection∇ : Γ(L)× Γ(B)→ Γ(B) and a splitting j : B → L of the short exact sequence of
vector bundles 0→ A→ L→ B → 0. However, different choices yield isomorphic L∞ algebra structures
on tot
(
Γ(Λ•A∨)⊗R T •poly
)
. Hence, we obtain the following improvement on Corollary A.14:
Theorem A.15 ([3]). Let (L,A) be a Lie pair.
(1) The space tot
(
Γ(Λ•A∨)⊗RT •poly
)
admits an L∞ algebra structure with the operator dBottA as unary
bracket. ThisL∞ algebra structure is unique up anL∞ isomorphism having the identity map as linear
part.
(2) The corresponding cohomology groupHCE(A, T •poly) admits a canonical Gerstenhaber algebra struc-
ture.
Moreover, when the Lie pair happens to be amatched pair, the transferredL∞ algebra structure on tot
(
Γ(Λ•A∨)⊗R
T •poly
)
is precisely the dgla structure described in Proposition A.4.
Proposition A.16. Under the hypotheses of Corollary A.14 and the additional assumption that j(B) is a Lie
subalgebroid of L— i.e. L = A ./ B is a matched pair — the L∞ algebra tot
(
Γ(Λ•A∨)⊗R T •poly
)
and the
Gerstenhaber algebra H•CE(A, T •poly) of Corollary A.14 coincide respectively with the dgla tot
(
Γ(Λ•A∨ ⊗
Λ•+1B)
)
and the Gerstenhaber algebra H•CE(A,Λ•+1B) of Proposition A.4.
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A.4. Dolgushev–Fedosov type quasi-isomorphism on D•poly. Let Cn := Homk(C⊗n+1,C ) denote the
space of Hochschild n-cochains of the algebra C := C∞(L[1] ⊕ B). The Gerstenhaber bracket of two
cochains φ ∈ Cu and ψ ∈ Cv is the cochainJφ, ψK = φ ? ψ − (−1)uvψ ? φ ∈ Cu+v
where φ ? ψ ∈ Cu+v is defined by
(φ?ψ)(a0⊗a1⊗· · ·⊗au+v) =
u∑
k=0
(−1)kvφ(a0⊗· · ·⊗ak−1⊗ψ(ak⊗· · ·⊗ak+v)⊗ak+1+v⊗· · ·⊗au+v),
for all a0, a1, . . . , au+v ∈ C . The Gerstenhaber bracket satisfies the graded Jacobi identity. Since the multi-
plicationm in C∞(L[1]⊕ B) is associative, we have Jm,mK = 0 and the standard Hochschild coboundary
operator Jm,−K turns C• into a cochain complex.
The space D•poly(L[1] ⊕ B) of polydifferential operators on L[1] ⊕ B is a subspace of C• closed under the
Gerstenhaber bracket. Note that Q ∈ X(L[1]⊕B) ⊂ D0poly(L[1]⊕B) andm ∈ D1poly(L[1]⊕B).
Lemma A.17. We have JQ+m,−K2 = 0.
Proof. We have Jm,mK = 0 since the multiplicationm is associative, JQ,mK = 0 sinceQ is a derivation of
m, and JQ,QK = 0 sinceQ is a homological vector field. The conclusion follows from the Jacobi identity. 
Let Dkpoly denote the space of formal vertical (k + 1)-polydifferential operators on the vector bundle B, and
let D•poly =
⊕∞
k=−1D
k
poly. SetS = Γ(Sˆ(B∨)). There exists a canonical isomorphism
Γ(Sˆ(B∨)⊗ S(B)⊗ · · · ⊗ S(B)︸ ︷︷ ︸
k+1 factors
) Dkpoly
ϕ
∼= .
ToχI⊗∂J0⊗· · ·⊗∂Jk ∈ Γ(Sˆ(B∨)⊗S(B)⊗ · · · ⊗ S(B)︸ ︷︷ ︸
k+1 factors
), the isomorphismϕ associates the polydifferential
operator
S ⊗k+1 3 χM0 ⊗ · · · ⊗ χMk 7−→ χI · ∂J0(χM0) · · · ∂Jk(χMk) ∈ S .
The algebra of functions C∞(L[1] ⊕ B) is a module over its subalgebra Γ(Λ•L) ≡ Γ(Λ•L∨ ⊗ S0(B∨)).
The subspace of D•poly(L[1]⊕ B) comprised of all Γ(Λ•L∨)-multilinear polydifferential operators is easily
identified to tot
(
Γ(Λ•L∨) ⊗R D•poly
)
. It is simple to see that the universal enveloping algebra U(F) of
the Fedosov dg Lie algebroid F → M is naturally identified with Γ(Λ•L∨) ⊗R D0poly, which is a dg Hopf
algebroid overC∞(M) ∼= Γ(Λ•L∨⊗SˆB∨). Moreover, U(F) is a dg Hopf subalgebroid ofD0poly(L[1]⊕B).
Note that
U(F)⊗k+1 ∼= Γ(Λ•L∨)⊗R Dkpoly.
Thus, as a consequence of Proposition A.2, we have the following
Proposition A.18. (1) The subspace tot
(
Γ(Λ•L∨) ⊗R D•poly
)
of D•poly(L[1] ⊕ B) is stable under the
Hochschild coboundary operator JQ+m,−K.
(2) The triple
(
tot
(
Γ(Λ•L∨)⊗R D•poly
)
, JQ+m,−K , J, K ) is a dgla.
(3) The cohomology group H•
(
tot
(
Γ(Λ•L∨)⊗R D•poly
)
, JQ+m,−K) is a Gerstenhaber algebra.
Now consider the map
σ\ : Γ(Λ
uL∨)⊗R Dvpoly → Γ(ΛuA∨)⊗R Dvpoly
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defined by the commutative diagram
Γ(ΛuL∨)⊗R Dvpoly
Γ(ΛuA∨)⊗R Dvpoly
Γ(ΛuL∨ ⊗ SˆB∨ ⊗ (SB)⊗v+1)
σ\
id⊗ϕ ≡
σ⊗pbw⊗v+1
.
The map σ\ is a quasi-isomorphism of Dolgushev–Fedosov type similar to the classical Fedosov resolution
of the polydifferential operators on a smooth manifold obtained by Dolgushev [19]. Indeed, we have the
following
Theorem A.19 ([3]). There exists a contraction(
tot
(
Γ(Λ•A∨)⊗R D•poly
)
, dUA + dH
) (
tot
(
Γ(Λ•L∨)⊗R D•poly
)
, JQ+m,−K)τ˘\
σ\
h˘\ (29)
It follows from the homotopy transfer theorem for L∞ algebras (see Lemma 2.24) applied to the contrac-
tion (29) that the dgla structure carried by tot
(
Γ(Λ•L∨)⊗R D•poly
)
determines an L∞ algebra structure on
tot
(
Γ(Λ•A∨) ⊗R D•poly
)
. Moreover, since the retraction σ\ intertwines the associative algebra structures,
we immediately obtain the following corollary of Proposition A.18.
Corollary A.20 ([3]). Given a Lie pair (L,A), each choice of a splitting j : B → L of the short exact
sequence of vector bundles 0→ A→ L→ B → 0 and of a torsion-free L-connection∇ on B determines
(1) an L∞ algebra structure on tot
(
Γ(Λ•A∨)⊗R D•poly
)
with the operator dUA + dH as unary bracket
(2) and a Gerstenhaber algebra structure on H•CE(A,D•poly), the cohomology of the complex(
tot
(
Γ(Λ•A∨)⊗R D•poly
)
, dUA + dH
)
.
A priori, the L∞ algebra structure on tot
(
Γ(Λ•A∨)⊗RD•poly
)
in Corollary A.20 is not canonical; it depends
on a choice of ‘Dolgushev–Fedosov type’ replacement for the complex
(
tot
(
Γ(Λ•A∨)⊗RD•poly
)
, dUA+dH
)
via a Fedosov dg Lie algebroid F →M. The construction of the Fedosov differential involves the choice of
a torsion-free connection∇ : Γ(L)×Γ(B)→ Γ(B) and a splitting j : B → L of the short exact sequence of
vector bundles 0→ A→ L→ B → 0. However, different choices yield isomorphic L∞ algebra structures
on tot
(
Γ(Λ•A∨)⊗R D•poly
)
. Hence, we obtain the following improvement on Corollary A.20:
Theorem A.21 ([3]). Let (L,A) be a Lie pair.
(1) The space tot
(
Γ(Λ•A∨)⊗R D•poly
)
admits an L∞ algebra structure with the operator dUA + dH as
unary bracket. This L∞ algebra structure is unique up an L∞ isomorphism having the identity map
as linear part.
(2) The corresponding cohomology group HCE(A,D•poly) admits a canonical Gerstenhaber algebra
structure.
Moreover, when the Lie pair happens to be amatched pair, the transferredL∞ algebra structure on tot
(
Γ(Λ•A∨)⊗R
D•poly
)
is precisely the dgla structure described in Proposition A.4.
Proposition A.22. Under the hypotheses of Corollary A.20 and the additional assumption that j(B) is a Lie
subalgebroid of L— i.e. L = A ./ B is a matched pair — the L∞ algebra tot
(
Γ(Λ•A∨)⊗RD•poly
)
and the
Gerstenhaber algebraH•CE(A,D•poly) of Corollary A.20 coincide respectively with the dgla tot
(
Γ(∧•A∨)⊗R
U(B)•+1) and the Gerstenhaber algebra H•CE(A,U(B)•+1) of Proposition A.4.
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